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Abstract
Non-Abelian excitations are sought after because of the promise they hold for topological quantum compu-
tation. However, in spite of many proposals of systems in which they can occur intrinsically, observation has
proved to be elusive. In this thesis, we study ways in which we can engineer such excitations by combining
two parent Abelian theories, and as a result allow for defects which host non-Abelian zero modes. We first
formulate the symmetries of the anyonic excitations of Abelian topological states. Then, we study properties
of semiclassical point defects, called twist defects, which permute orbiting anyons by their symmetries. We
see how to realize these defects at domain walls on the gapped edges of non-chiral fractional quantum Hall
states. We have distinct gapped edge phases in one to one correspondence with the anyonic symmetries.
Non-Abelian twist defects appear between different gapped phases. We study the twist defects for a variety
of bosonic ADE fractional quantum spin Hall systems for which the anyonic symmetries turn out to be
given by their Dynkin diagrams. We also look at superconducting heterostructures with fermionic quantum
Hall states and show the presence of anyonic symmetries and twist defects which physically correspond
to a fermion parity flip. This can result in Majorana bound states at such defects instead of more exotic
parafermions as was believed before. This is because the presence of the superconductor necessitates the
consideration of a larger bosonic topological order. We then investigate the twist defects further by pro-
moting the anyonic symmetries from global to local. This deconfines the defects and results in non-Abelian
topological states called twist liquids. Finally, we study the emergence of new topological order from two
constituent systems driven by the condensation of a composite boson. This allows us to study a variety of
systems with non-Abelian excitations.
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Chapter 1
Introduction and background
The introduction of topological order (TO) has opened up a new paradigm in the study of states of matter.
It has required new lines of enquiry, distinct from the Landau-Ginzburg theory of symmetry breaking, which
had dominated the description of symmetry ordered phases. It has opened up doorways to new “anyonic”
statistics, distinct from bosonic or fermionic theories in two spatial dimensions and spurred the use of
measures from quantum information, such as entanglement, to understand phases. Topologically ordered
states are so named because they can “sense” the topology of the surface they are put on. Thus, on a torus
they have a ground state degeneracy equal to the number of quasiparticle (qp) sectors of the theory.
Besides providing fundamental insight about collective states of matter, the study of TO has also opened
up avenues for new technologies. One of the important ones among them involves the idea of topological
quantum computation (TQC). [Kitaev, 2003] TQC requires the use of non-Abelian anyons, whose internal
Hilbert space has quantum dimension greater than 1. TQC involves a collection of non-Abelian anyons whose
Hilbert space of locally indistinguishable degenerate ground states act as qubits. Topological operations
such as braiding, act as unitary quantum gates acting on those qubits. When these braiding operations
are supplemented with fusion, which act as measurements, they allow fault tolerant quantum computation.
There is a huge body of literature on this topic [Ogburn and Preskill, 1999, Preskill, 2004, Freedman et al.,
2001, Wang, 2010, Nayak et al., 2008, Stern and Lindner, 2013]. TO states have a gap, this and the
topological nature of the operations intrinsically protects the system from decoherence, due to small local
perturbations to the Hamiltonian.
Although the idea is elegant, and there has been a huge amount of resource devoted to this end, non-
Abelian anyons turn out be scarce in nature. Further, not all non-Abelian anyons are capable of universal
quantum computation. Early proposals of non-Abelian anyons include Ising anyons in the 5/2 fractional
quantum Hall state [Read and Moore, 1991, Greiter et al., 1992, Nayak and Wilczek, 1996, Read and Green,
2000, Stern et al., 2004], parafermions in Read-Rezayi quantum Hall states [Read and Rezayi, 1999] and
half quantum vortices in p + ip superconductors [Ivanov, 2001, Stone and Chung, 2006]. Unfortunately,
conclusive evidence remains elusive.
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Now the focus has moved to proposals to obtain non-Abelian anyons in various engineered heterostruc-
tures, and already there are signs of some experimental success, in the realization of Kitaev’s p-wave wire,
especially in the context of Majorana bound states (MBS) [Kitaev, 2001, Sau et al., 2010, Oreg et al.,
2010, Mourik et al., 2012, Sato et al., 2009, Deng et al., 2012, Das et al., 2012, Rokhinson et al., 2012, Chang
et al., 2013b, Finck et al., 2013, Nadj-Perge et al., 2014]. Further, there are studies of how to obtain non-
Abelian bound states in lattice defects. [Kitaev, 2006, Barkeshli and Wen, 2010b, Bombin, 2010, Kitaev and
Kong, 2012, You and Wen, 2012, Barkeshli and Qi, 2012, Barkeshli et al., 2013c, Mesaros et al., 2013, Teo
et al., 2014b, Teo et al., 2014a].
Now, it should be obvious that taking two simpler states of matter and then putting them together, thus
allowing for semiclassical defects or putting defects in TO states has become a recurrent theme in recent
research. Thus, there is need for developing appropriate formalism to understand these defects. This is the
goal of this thesis. We will primarily deal with parent theories which are Abelian to begin with, and then
combine them with other theories, or introduce defects inside them to obtain non-Abelian zero modes.
A word of caution, that we keep on emphasizing throughout, is that these non-Abelian zero modes occur
at semiclassical static defects. Hence, they are not deconfined non-Abelian anyons, which are true quantum
excitations, proposed in the context of certain quantum Hall states. However, they represent a first step
towards the goal of non-local storage and manipulation of quantum information.
1.1 Topological order
First, we review the minimal knowledge about topological order in (2 + 1)d that we will use in this thesis.
It is defined in mathematical terms by a modular tensor category [Kitaev, 2006, Wang, 2010, Turaev, 2010],
but we will not use that language.
A topological state is a gapped phase that is characterized by a set of topological charges/anyons/quasiparticles
{x, y, z, · · · }, with fusion rules
x× y =
∑
z
Nzxyz (1.1)
Here, x and y are two topological charges and z denotes the set of possible charges as a result of their
fusion. One way to think about the fusion co-efficients Nzxy is the number of distinct ways x and y can fuse
to form z. Alternatively, it is the dimension of low energy states of the theory that has the qps. x and y
and overall topological charge z.
Fusion rules are associative, x × (y × z) = (x × y) × z. For deconfined excitations with well-defined
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braiding interactions, fusion is commutative i.e. x× y = y × x.
However, as we will see in the case of non-Abelian twist defects, the fusion rules might not be commutative
x× y 6= y × x.
dx is the quantum dimension associated with the anyon x. One can intuitively think of it as the dimension
of the internal Hilbert space associated with x. Non-Abelian anyons have quantum dimension greater than
1. However, that is not really the correct way to think about it. More properly, it determines the degeneracy
of the Hilbert space associated with a closed system with N qp excitations x in the limit N → ∞ as dNx .
Indeed, anyons can have irrational quantum dimension, for example the Ising anyon has d =
√
2 and the
Fibonacci anyon has quantum dimension 1+
√
5
2 . The quantum dimensions satisfy, given the fusion rules in
equation (1.1)
dxdy =
∑
z
Nzxydz (1.2)
Further, there is a unique vacuum sector denoted by 1 and every charge sector x has its conjugate x with
which it can fuse to vacuum in a unique way.
1× ∗ = ∗
x× x = 1 +
∑
y 6=1
Nyxx (1.3)
The rules till now have defined a fusion category. Now, we supplement it with exchange and braiding
information. A topological charge sector x picks up an exchange phase δx when it is rotated (twisted) by
2pi. (more formally these objects define a ribbon category). This defines the T matrix. Txy = e
iδxδxy, in the
qp basis {x}. The spin is defined as hx = δx2pi .
The braiding between the anyons x and y is defined in terms of the S matrix
Sx,y =
1
D
∑
z
Nzxy
eiδz
eiδxeiδy
dz (1.4)
The S matrix is unitary and symmetric. The quantum dimension dx of the anyon x is related to the S
matrix via
dx =
S1x
S11
(1.5)
The charge conjugation matrix C gives information about the antiparticle sector for each qp. In the basis
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of qp states, it takes the form C = δaa. The S and T matrices form a representation of the modular group
SL(2, Z) and obey
(ST )
3
= e2pii
c−
8 C
C = S2 (1.6)
The (1+1)d edge of the topological theory supports a conformal field theory (CFT). It has a chiral central
charge c−, which is defined modulo 8 via
e2pii
c−
8 =
1
D
∑
x
d2xe
iδx (1.7)
This is called the Gauss-Milgram formula.
Finally, the fusion matrices are related to the braiding matrices by the Verlinde formula.
x× y =
∑
z
Nzxyz
Nzxy =
∑
w
SxwSywS
∗
zw
S1w
(1.8)
1.2 Quantum Hall effect and Chern-Simons theory
Most of this thesis will involve Abelian TO states, which can be described by an effective Chern Simons
(CS) theory. Both integral and a large number of fractional quantum Hall (FQH) states can be described
by this formalism.
The quantum Hall effect is observed when a 2D electron gas is subjected to a large external magnetic
field perpendicular to the sample at low enough temperatures. The off-diagonal Hall conductance displays
plateaus σxy = ν
e2
h while the diagonal component σxx essentially vanishes. Here, ν =
Ne
Nφ
is the filling
fraction, the number of electrons (Ne) per flux quantum (Nφ). The integer quantum Hall effect was observed
by [v. Klitzing et al., 1980] and the fractional quantum Hall state by [Tsui et al., 1982]. Further, this
phenomenon is resistant to disorder. One of the most important applications of this has been metrology, it
has yielded a precise value of he2 , the von Klitzing constant.
While the integer quantum Hall effect can be anticipated using the single particle picture, the fractional
quantum Hall effect resists any such interpretation. Indeed, as the first example of a TO state, it shows
fractionalization (both charge and statistics) and understanding it has taken considerable theoretical effort.
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Now, there is a whole menagerie of quantum Hall states at different fractions inspired by correlation functions
of conformal field theory and parton constructions.
Excellent reviews of quantum Hall effects can be obtained in [Prange and Girvin, 1990, Macdonald,
1994, Tong, 2016]. For the purposes of this work, we will deal with only Abelian quantum Hall states. Such
states are described by a Chern Simons Lagrangian. The beautiful articles [Frohlich and Zee, 1991, Zee,
1995] show how to obtain such a theory from very general considerations such as explicit breaking of parity
and time reversal due to the presence of the magnetic field, gauge invariance, current conservation, and the
existence of an incompressible Hall fluid. We will work with this effective theory and not write down explicit
wavefunctions in this work.
In particular, for the Laughlin [Laughlin, 1981, Laughlin, 1983] states, the Chern Simons Lagrangian
takes the form
L = m
4pi
µνραµ∂ναρ − 1
2pi
µνρAµ∂ναρ (1.9)
Here, α is the Chern-Simons gauge field. The first term in the Lagrangian (1.9) determines the TO of the
theory whereas the second term determines its coupling to the background electromagnetic gauge field A.
These were first proposed in the context of the fractional quantum Hall effect by [Zhang et al., 1989, Girvin
and MacDonald, 1987]. Note that the Lagrangian in equation (1.9) does not involve any length scales,
because the metric is absent from it. It is thus topological.
We can integrate out α to obtain the effective Lagrangian
Leff = −
1
4pim
µνρAµ∂νAρ
The electromagnetic current is
Jµ = −∂Leff
∂Aµ
=
1
2pim
µνρ∂νAρ
The space and time components of the current are (in natural units ~ = e = 1)
J0 = δn =
1
2pim
δB; J i =
1
2pim
ijEj
where δn is the excess density of electrons related to the fluctuation of the magnetic field B. The equation
above thus confirms the filling fraction and transverse conductivity of the Laughlin state.
Qps carry charge under the gauge field α. We can put a qp with charge l at x0, or equivalently add a
source term lα0δ(x− x0) to the Lagrangian density and calculate that it has fractional charge le/m and it
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has l/m units of α flux. Thus, the Chern-Simons theory predicts all the important elements of the Laughlin
state, the filling fraction, transverse conductivity, fractional charge and statistics.
After the success of the Chern Simons theory to describe the Laughlin states, it was used to describe a
number of other filling fractions in the Haldane-Halperin/Jain [Haldane, 1983, Halperin, 1984, Jain, 1989]
hierarchy and multicomponent quantum Hall states. However, this required introducing multiple gauge
fields. This generalization goes by the name K matrix formalism, which we introduce in the next section.
1.2.1 K-Matrix theory
The K-matrix formalism [Wen and Zee, 1992, Wen, 1995] provides a concise way of describing the effective
field theory of any Abelian TO state using 2+1 D Chern Simons theory. The bulk action takes the form
Lbulk = KIJ
4pi
µνλαIµ∂ναJλ − αIµjµI ,
I, J = 1, 2, · · · , N. (1.10)
Here, we have assumed that there are N U(1) gauge fields αI which couple to the qp currents jI , thus the
K matrix is N ×N, and the gauge group is U(1)N . The K matrix is symmetric and has integral entries.
If we want to introduce electromagnetic coupling of the gauge fields αI , then we also need the term
− 1
2pi
tI
λµνAλ∂µαIν
The charge vector t ∈ ZN details how the gauge fields α couple to the external electromagnetic field A.
In this formalism, the qp excitations carry integral gauge charge lI under the gauge fields αI . Thus,
we will describe a qp by an integral vector l in the lattice Γ = ZN . The number of topologically distinct
qps in the theory is the same as the ground state degeneracy on a torus and is |detK| (since the theory
is Abelian). The local particles in the theory braid trivially around all other excitations, and belong to
the lattice Γ∗ = KZN . The fusion of two qps in this theory amounts to adding lattice vectors. Thus,
a× b ≡ a + b. Qps are considered to be equivalent if they differ only by the addition/fusion of local qps:
a ≡ a +KZN . (1.11)
We denote an equivalence class of qps by the symbol [a].
Thus, distinct qps are just the different equivalence classes Γ/Γ∗ = Z
N
KZN . Equivalent qps have the same
topological characteristics (exchange and braiding statistics), but might not share some non-topological
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characteristics (such as charge, which exists due to symmetry not topology).
The topological character of the theory is specified by the set A of distinct qps, and their braiding and
exchange properties, which are contained in the modular S and T matrices. By definition Sa,b =
1√
|A|e
iθa,b ,
where θa,b is the braiding phase of a around b, and T is specified by the exchange phase δ of the qps:
Ta,b = e
iδaδa,b = e
2piihaδa,b, where ha is the topological spin of the qp a (and which corresponds to the
scaling dimension of the corresponding primary field in the edge conformal field theory for completely chiral
theories).
The electromagnetic charge of the qps l is
ql = l
TK−1t (in units of e). (1.12)
Further, the charge and statistics of local excitations dictates that
tI = KII (mod 2) (1.13)
This enforces that a local particle with even charge (in units of e) is a boson, otherwise it is a fermion.
The filling fraction takes the form
ν = tTK−1t. (1.14)
The expression for the braiding angle θl,m is
θl,m = 2pil
TK−1m
Sl,m =
1√|A|eiθl,m (1.15)
while the exchange phase of the qp l is
δl = pil
TK−1l. (1.16)
We note that there are different K matrices which encode the same information. These different K
matrices are defined by GL(N,Z) transformations of the original K matrix. Thus,
K →WKWT ; t→Wt W ∈ GL(N,Z), |detW | = 1 (1.17)
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leaves the physical content of the theory in Eq. (1.10) invariant and is simply a basis change implemented
by redefining the U(1) gauge fields α→WTα.
The bulk Chern-Simons theory (1.10) is gauge invariant when placed on a closed manifold, such as a
torus or a sphere. However, on a surface with a boundary, such as a disk, it is not gauge invariant. In fact,
one can show that just by assuming gauge invariance, it is possible to derive the edge degrees of freedom
given the bulk theory (upto stable equivalence, which we introduce later).
The natural edge theory corresponding to Eq. (1.10) has Lagrangian density
Ledge = KIJ
4pi
∂xφI∂tφJ − VIJ∂xφI∂xφJ . (1.18)
Here, ∂µφI = αIµ [Wen, 1995] and VIJ is a non-universal positive-definite “velocity” matrix which encodes
forward-scattering interactions between the edges.
The edge conformal theory (1.18) has chiral central charge nL−nR, where nL and nR are the number of
left and right moving modes of the theory, and are equal to the number of positive and negative eigenvalues
of K respectively
The electromagnetic coupling on the edge takes the form e2pi 
µνtI∂µφIAν . The equation (1.18) implies
the commutation relation on the edge
[∂xφI(x, t), φJ(y, t)] = −2piiK−1IJ δ(x− y) (1.19)
Corresponding to every anyon a in the bulk there is a vertex operator eia.φ in the edge conformal field
theory.
1.3 Stability of the edge phases
Recently, there has been a lot of interest in studying systems where one has protected edge states in the
presence of some symmetry, such as time reversal or crystalline symmetry [Kane and Mele, 2005a, Kane and
Mele, 2005b, Bernevig et al., 2006, Hasan and Kane, 2010, Qi and Zhang, 2011, Fu, 2011]. This has become
a burgeoning field with a huge body of literature.
However, another interesting aspect of research is understanding when the edge cannot be gapped out
even in the absence of a symmetry. If the system has non-zero thermal Hall conductance at low temperature,
then it makes intuitive sense that the edge cannot be gapped out. When the edge is a collection of Luttinger
liquids, then KH = (nL − nR)pi
2k2BT
3h 6= 0, implies nL 6= nR. Intuitively, since backscattering terms gap out
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the edge in pairs, this makes sense as there is an imbalance between right and left moving modes. It turns
out that even if nL = nR, sometimes the edge cannot be gapped out. The work in this area goes back to
Haldane [Haldane, 1995].
Let us suppose we try to gap out the edge by adding backscattering Sine-Gordon terms to (1.10).
δH = −
∑
i
gi cos
(
ΛTi Kφ + θi
)
; i = 1, · · · , N/2 (1.20)
Here, Λi are N component integer vectors, for a N ×N K matrix. Now, we are assuming that N is even,
because if N is odd, then it is impossible to have nL = nR. Then Haldane’s null vector criterion states that
ΛTi KΛj = 0; ∀i, j (1.21)
is a necessary criterion to completely gap out the edge. For a N × N K matrix, we must have N2 linearly
independent vectors Λ to gap out the edge. Any system that satisfies this criterion must support a gapped
edge.
This criterion can be understood as follows, if the null vector criterion is satisfied, then it is possible to
do a basis transformation φ′ = W ′φ, so that that we get a standard Luttinger liquid with commutation
relations [∂xφ
′
i(x, t), φ
′
j(y, t)] = ∓2piiδijδ(x− y). Here, i = 1, · · · , N/2 are left movers and the rest are right
movers, and the − sign applies to left movers and + for right movers. In this basis, the gapping term looks
like cos(φ′i ± φ′i+N/2).
This was followed by a hiatus of almost two decades, before this criterion was recast in topological terms
using braiding arguments in the work by [Levin, 2013, Barkeshli et al., 2013b].
In essence, they interpreted the backscattering terms as a bosonic condensate. In theory, even if the
Sine-Gordon terms are irrelevant, one can turn up the coupling constants gi until the gapped terms are
stuck to the minima of the cosine potential, i.e. ΛTi Kφ + θi = 2pini. Let KΛi = cimi, when ci is the
highest common divisor of the components of the vector KΛi. Then, this implies that the qp operators,
eim
T
i φ acquires a non-zero expectation value, 〈eimTi φ〉 = e(2pini−θi)/ci . Alternatively, one may say that the
bulk qp mi (with gauge charges (mi)I under the gauge fields αI ; I = 1, 2, · · · , N) can be brought to the
edge and annihilated. Haldane’s null vector criterion assures us that all the qps. mi can be simultaneously
annihilated at the edge and acquire non-zero vacuum expectation value.
More formally, they proved that an Abelian topological state with anyon set A can have a gapped edge
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iff there is a subset of qps. M, called a Lagrangian subgroup, that satisfy the following conditions.
eiθm,n = 1; m,n ∈M
If m /∈M∃ n ∈M : eiθm,n 6= 1 (1.22)
For bosonic TO systems, they also require that all the qps inM are bosonic. The elements of the Lagrangian
subgroup are the qps. mi that we have talked about that can be brought to the edge and annihilated. The
intuition behind these criterion is as follows, all qps in the Lagrangian subgroup must have trivial statistics
so that they can be simulataneously condensed at the edge. Further, the nontrivial statistics of any qp not
in M with the qps in M implies that it is confined on the edge, i.e. there are no non-trivial excitations
propagating along the edge. They also proved that that the distinct gapped edge phases possible in this
system are in one to one correspondence with the different Lagrangian subgroups the theory supports.
This thesis looks at very similar questions, however we look at them through the lens of anyonic symme-
tries (introduced in chapter 2).
1.4 Stable equivalence
The discussion on gapped edges and Lagrangian subgroups naturally leads us into a discussion on stable
equivalence.
First, we introduce the basic definitions. More detailed expositions and stronger results can be found in
Refs. [Cano et al., 2014, Barkeshli et al., 2013b].
Two K matrices K1 and K2 of the same dimension (N) and signature are stably equivalent if there exist
signature (n, n) unimodular matrices L1 and L2 such that there exists W ∈ GL(N + 2n,Z) so that
K1 ⊕ L1 = WT (K2 ⊕ L2)W. (1.23)
The signature of a matrix is determined by nL−nR where nL and nR are the number of positive and negative
eigenvalues. Physically this is the chiral central charge of the edge theory described by the K matrix. In
general if the S and T matrices characterizing the anyon content of two K matrices are the same, then they
are stably equivalent[Cano et al., 2014]. Physically, stable equivalence was introduced in the context of edge
reconstruction of a quantum Hall state by adding trivial degrees of freedom to the edge, and can lead to the
interesting situation where multiple edge state theories can support the same bulk topological phase. If we
restrict ourselves to bosonic quantum Hall states , L1 and L2 must be even (they must have even entries on
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the diagonal).
Now, we come back to gapped edges. Stable equivalence becomes important if we ask the following
question. Let us say that we have an Abelian topologically ordered state which supports a Lagrangian
subgroup M. This implies that there is a gapped edge phase corresponding to M. Can we write down an
explicit backscattering Lagrangian of the form of Equation (1.20) which realizes this phase? It turns out
that in general this is not possible. To do so, one has to consider stably equivalent theories, or physically
add trivial degrees of freedom to the edge. We will see explicit examples of this in section 4.7. Actually one
can drive an edge phase transition without disturbing the bulk.
Here, we quote an example from [Cano et al., 2014].
K1 =
 1 0
0 7
 ; K2 =
 2 1
1 4
 (1.24)
These two theories are stably equivalent to each other. Thus,
K2 ⊕ σz = W (K1 ⊕ σz)WT (1.25)
where
W =

2 1 0 −3
1 −1 0 2
0 0 −1 0
−1 −1 0 3

This is very surprising, since K1 is a fermionic theory whereas K2 is bosonic. Note, that this has important
physical consequences such as scaling dimensions of tunnelling terms on the edge.
1.5 Non-Abelian zero modes at domain walls
Beginning with the work of [Fu and Kane, 2009], there have been a number of proposals of realizing non-
Abelian zero modes at domain walls on the gapped edges of quantum spin hall (QSH) states/ fractional
quantum spin Hall (FQSH) states [Clarke et al., 2012, Cheng, 2012, Lindner et al., 2012, Vaezi, 2013]. In
all these proposals, counterpropagating edge modes are gapped out in distinct ways. Depending on the bulk
theory, one might get MBS (for QSH) or Z2m parafermions for a 1m FQSH case.
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A schematic diagram for such situations is shown in Figure 1.1. We will solve this specific example in
great detail in chapter 4. So, we outline the previously known main results here. We have already seen that a
bulk TO theory supports chiral edge states. In the geometry of Fig 1.1, thin islands of superconductors/spin
orbit coupled (SOC) insulators are introduced into a 1/m FQH droplet. There are counterpropagating edge
modes on the inner and outer edges as shown by the blue arrows. Let us imagine that the g factor changes
sign between the inner and outer FQH states. Thus, we have spin up and spin down states propagating on
the different edges, and are amenable to gapping by ordinary s wave superconductors.
Figure 1.1: Schematic diagram of the form in [Clarke et al., 2012]. A fractional quantum Hall droplet at
filling 1/m separated by a thin barrier into an inner and outer droplet with counterpropagating edge modes
shown by the dark blue arrows. The barrier consists of spin orbit coupled insulators or superconducting
elements which gap out the edges via backscattering terms.
We give a heuristic explanation here. Let φR and φL denote the right and left propagating bosonic
modes. These satisfy the commutation relations
[∂xφR/L(x, t), φR/L(y, t)] = ±2pii
m
δ(x− y); [∂xφR(x, t), φL(y, t)] = 0
The qps on the right/left edge are given by vertex operators of the form e±ilφR/L which have charge le/m.
The gapping term on the edge is
Hgap = −h(x) cos [m(φR + φL)]−∆(x) cos [m(φR − φL)]
= −h(x) cos [2mϕ]−∆(x) cos [2mθ] (1.26)
where, ∆ is the strength of the superconducting coupling and h is the strength of the spin-orbit coupling.
So, in the superconducting regions the variable θ is pinned, θ =
pin
m
; n = 0, · · · , 2m − 1. Similarly, in the
12
SOC regions, ϕ is pinned. ϕ =
pip
m
; p = 0, · · · , 2m− 1. But θ and ϕ are canonically conjugate variables,
[∂xθ(x, t), ϕ(y, t)] =
2ipi
m
δ(x− y)
So they cannot be simulataneously pinned to their semiclassical minima. Hence, the gap closes at the
junction between the superconductor and SOC insulator. [Clarke et al., 2012, Lindner et al., 2012, Vaezi,
2013, Cheng, 2012] showed that there are Z2m parafermionic zero modes with quantum dimension
√
2m
stuck at these junctions. We will return to this problem in Chapter 4.
1.6 Structure of thesis
The thesis is organized as follows.
We briefly introduced topological order, Chern Simons formulation of fractional quantum Hall effect and
previous relevant work on gapped edges of topologically ordered states in two dimensions in the context of
this thesis in Chapter 1.
In chapter 2, we introduce the main concepts of anyonic symmetry in general Abelian topologically
ordered states. Then we study these symmetries in a special class of bosonic quantum Hall states which
support ADE Kac-Moody (KM) algebras at level 1 on the edges. Here, A refers to the su(n) series, D to
so(2r) and E to the triad E6, E7, E8 respectively. We also look at the corresponding distinct gapped edges
that arise in fractional quantum spin Hall states supporting these algebras as a consequence of this anyonic
symmetry. Next, we study if the edges of these fractional spin Hall states can be gapped while preserving
time reversal symmetry. We also explicitly construct the KM currents and discuss the appearance of the
ADE algebras in experimentally observed fractions. This chapter includes material from [Khan et al., 2014].
In chapter 3, we introduce twist defects which are static semiclassical fluxes of the anyonic symmetry
group. We see how their permutation action on the orbiting qps leads to non-Abelian quantum dimension
and understand how to calculate it using the fusion structure of the parent theory. We also characterize the
twist defects in ADE fractional quantum spin Hall states. We pay special attention to the so(8) twist defects.
It turns out that by virtue of the triality symmetry of so(8), one has non-Abelian and non-commutative
twist defects. This chapter involves portions from the publications [Khan et al., 2014, Khan et al., 2017].
In chapter 4, we study how our formalism must be extended to understand twist defects in supercon-
ducting heterostructures with Abelian fermionic TO states. We show how the TO must be extended in the
presence of superconductivity, and the effective theory can be uncovered by deconfining the h/2e fluxes, or
equivalently gauging the Z2 fermion parity. We identify the presence of certain anyonic symmetries which
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had been overlooked. In particular, we focus on the fermion parity flip which leads to Majorana bound
states at the twist defects. We also reproduce previous known results using charge conjugation anyonic
symmetry. We see how our results also apply to systems which are not inherently topologically ordered,
such as Chern Insulators and report some simulations for these non-interacting systems. This chapter is
based on the articles [Teo et al., 2016, Khan et al., 2017].
In chapter 5, we deconfine the twist defects, which till now were static semiclassical objects. This is done
by gauging the anyonic symmetry group, thus promoting it from global to local symmetries of the system. We
determine the result of gauging the fermion parity flip and charge conjugation in superconducting Laughlin
states. This chapter is based on the manuscript [Khan et al., 2017].
In chapter 6, we investigate a distinct mechanism of obtaining a new, possibly more exotic phase from
two simpler TO constituents. This is done by condensing a composite boson obtained by fusing two anyons
in the individual theories. We use it to obtain some well known parafermionic theories, and other non-
Abelian theories involving exceptional Lie Algebras at level 1. We also motivate the 16 fold classification of
superconductors in 2d using this mechanism.
Finally, there are a couple of appendices A and B. In appendix A, we recall some details about
Lie algebras and KM Algebras which have been used throughout the thesis and clarify some notations.
Appendix B involves a construction which is disjointed from the rest of the thesis. In it we provide a way to
obtain any Abelian fermionic TO state in 2D, using a coupled wire construction. Coupled wires construction
have generated a lot of excitement in recent times, especially because they provide a handle to understand
the emergence of the same TO as a strongly interacting fractional quantum Hall state, but in a controlled
setting. Coupled wires and coupled layer constructions have now been used to understand and motivate
various symmetry protected and TO states in two and three dimensions.
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Chapter 2
Anyonic symmetry in the K matrix
formalism: An application to ADE
systems
2.1 Introduction
Abelian topologically ordered phases are usually considered to be the simplest examples of topological order
(TO), however recent exciting work has shown that the theory is still far from complete. Two notable de-
velopments are: (i) the generation of semi-classical defects in Abelian topological phases that exhibit similar
features to non-Abelian quasiparticles[Kitaev, 2006, Barkeshli and Wen, 2010b, Bombin, 2010, Bombin,
2011, Kitaev and Kong, 2012, Kong, 2014b, You and Wen, 2012, You et al., 2013, Barkeshli and Qi,
2012, Barkeshli and Qi, 2014, Barkeshli et al., 2013c, Mesaros et al., 2013, Teo et al., 2014b, Teo et al.,
2014a] and (ii) the bulk-boundary correspondence for topological phases with and without symmetry pro-
tection, and the resulting stability of the gapless edge theories [Haldane, 1995, Levin and Gu, 2012, Levin,
2013, Barkeshli et al., 2013a, Barkeshli et al., 2013b, Cano et al., 2014, Lu and Lee, 2014].
Some aspects of these two lines of research can be unified by applying the concept of anyonic symmetry
(AS). TO phases support an additional AS structure if the quasiparticle (qp) fusion and braiding are invariant
under a set of anyon relabeling operations. This is a common feature in many topological states, such the
Kitaev toric code [Kitaev, 2003] which has an electromagnetic-duality, and the Abelian (mmn)-fractional
quantum Hall (FQH) states [Wen, 1990b, Wen, 1990a, Wen and Zee, 1992, Wen, 2004, Fradkin, 2013,
Boebinger et al., 1990, Suen et al., 1991, Eisenstein et al., 1992] which have a bi-layer symmetry. An element
of the AS group might, for example, switch a particular anyon-type between the two layers in bi-layer FQH
states. The AS is not necessarily a symmetry of the quantum Hamiltonian, but rather a symmetry of the
anyon content. For example, an AS could permute qp excitations with different energies. In fact the details
of a Hamiltonian in a topological field theory is irrelevant as long as it provides a finite excitation gap. In
general, a ground state in a closed system will not be invariant under an AS operation, and therefore the
symmetry can be regarded as being weakly broken [Kitaev, 2006, Wang and Levin, 2013]. However, unlike
a classical symmetry-broken phase, the AS may not be associated with a physical quantity, and cannot be
measured by a finite vacuum expectation value of any local observable.
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In this chapter, we introduce the concept of Anyonic Symmetry (AS) and see how it can expressed in
terms of isometries of the anyon lattice Γ in the K matrix formalism. ( see section 1.2.1) We formulate the
symmetry group of all Abelian topological field theories. The symmetries relabel qps (or anyons) but leave
exchange and braiding statistics unchanged. Finally, we see how this symmetry manifests itself within a
class of bosonic Abelian fractional quantum Hall (FQH) states associated with elements of the ADE Cartan
classification of Lie-algebras and show that their AS are exactly the symmetries of the Dynkin diagrams that
represent the ADE Lie algebras. One remarkable result we find is an exact mapping between the well-known
triality symmetry of the Lie algebra so(8) and the AS of the associated topological state. This is not only
applicable to a 2D FQH state that carries an so(8) edge algebra, but also the spin liquid surface state of
a three dimensional bosonic symmetry protected phase [Vishwanath and Senthil, 2013, Wang and Senthil,
2013, Burnell et al., 2014, Wang et al., 2014].
For these systems the AS can be used to create non-Abelian twist defects and topologically distinct
gapped edge, or interface phases. In addition, we can apply our result to predict when edge theories of
certain time-reversal invariant fractional quantum spin Hall states (FQSH) made from time-reversed copies
of the ADE FQH states can be gapped without breaking symmetries.
Since we concentrate on bosonic phases, this implies that the diagonal entries of the K matrix in the
Chern Simons term L = 14piKIJαI ∧dαJ are even. Unless otherwise indicated, the indices for the U(1) gauge
fields αI run from 1, · · · , r. qps are electromagnetically charged in the presence of the additional coupling
term e
∗
2pi tIA ∧ dαI where A is the external electromagnetic gauge field and e∗ is the unit charge of the
fundamental local boson. We will assume a symmetric coupling t = (tI) = (1, . . . , 1) which, for example, is
the natural choice in multi-layer systems. The charge of a qp ψa is qa = e
∗tTK−1a. At zero temperature, the
ground state is a Bose-Einstein condensate of local bosons with broken U(1) symmetry/number conservation.
Physically, the boson condensate could describe an anyonic superconductor [Wilczek, 1990, Preskill, 2004]
where local particles are Cooper pairs of electrons or perhaps a strongly correlated cold atomic system. qps
that differ by local bosons are indistinguishable and interchangeable up to the boson condensate vacuum.
Thus, due to the boson condensate, the qp charges qa are only defined modulo integral units of e
∗ at zero
temperature. This motivates an intuitive way to think about the anyon quotient lattice as Zr/KZr, i.e., the
anyons are only defined modulo the local bosons that make up the lattice KZr.
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2.2 Anyonic symmetry in the K matrix formalism
Consider an Abelian TO state, with qp. content A. We say that a permutation P : A → A of the anyon set
is an AS if
Sx,y = SPx,Py
TPx = Tx for bosonic systems (2.1)
Thus, we demand that the braiding S matrix and the exchange statistics expressed via T stays invariant.
However, note that the constraint of invariance of exchange statistics is demanded only for bosonic systems.
For fermionic states, exchange statistics becomes ill-defined because addition of local fermionic particles can
change the diagonal elements of the T matrix by a sign, thus the first condition suffices.
We start off with the simplest of examples, the Kitaev toric code which has K matrix
0 2
2 0
 and 4
qps, 1 = (0, 0); e = (1, 0); m = (0, 1); ψ = (1, 1) . The theory has the well known AS corresponding to
electromagnetic duality which switches e and m while keeping ψ invariant. 1→ 1; e↔ m; ψ → ψ.
Note that the condition on the S and T matrices simply means that the exchange phase δa of a qp. ψ
a
and the braiding phase, θa,b accumulated when a qp. ψ
a is moved around ψb stays invariant. In terms
of the K matrix, eiδa = e2piiha = epiia
TK−1a, eiθa,b = DSab = e2piiaTK−1b, for D =
√|det(K)| ≥ 1. ( For
completely chiral theories, ha is the same as the scaling dimension of the corresponding primary field of the
CFT on the edge, using bulk boundary correspondence). Note that δa and θa,b are defined modulo 2pi.
One requirement of an AS is that its operation commutes with the modular S and T transformations of
TO states on a torus. For Abelian theories in the K-matrix formalism, a unitary anyon relabeling symmetry
can be represented by a unimodular (integral entries, unit determinant) matrix M that leaves the K-matrix
invariant under MKMT . This forms a group of automorphisms
Aut(K) =
{
M ∈ GL(r;Z) : MKMT = K} . (2.2)
Since exchange and braiding are completely determined by the K-matrix, the modular transformations are
unchanged under the anyon relabeling,
SMaMb = Sab, TMaMb = Tab (2.3)
and the fusion rules remain unaltered as a direct consequence of the linearity of M or the Verlinde for-
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mula [Verlinde, 1988] in general.
Out of the full group of automorphisms there are certain trivial symmetry operations M0 that only
rearrange local particles without changing the qp types. That is, these operations do not change the anyon
equivalence classes [a] = a + KZr ∈ A since they rotate the anyon lattice vector up to a local particle in
Γ∗ = KZr. M0 forms a normal subgroup of Aut(K) called the inner automorphisms
Inner(K) = {M0 ∈ Aut(K) : [M0a] = [a]} . (2.4)
To construct the relevant AS group we must remove this redundancy of trivial symmetry operations by
quotienting, to generate the group known as the outer automorphisms
Outer(K) =
Aut(K)
Inner(K)
. (2.5)
Thus, Outer(K) is the AS group of the Abelian topological phase characterized by K. If the topological
state is strictly charge conserving, a charge compatible AS element must keep the charge vector Mt = t
fixed which will ensure the charge of a qp is unchanged, qMa = qa. For a U(1)-breaking bosonic state at
zero temperature, the charge compatibility condition can be relaxed modulo the image of K so that the
fractional charge is preserved by the symmetry only up to units of e∗ through the addition of local particles.
Imposing these charge conservation conditions will further restrict the group of automorphisms in Aut(K).
In the context of the toric code mentioned earlier, the electromagnetic duality symmetry e↔ m can be
implemented by M = σx.
2.3 Anyonic symmetry in ADE states
Now, we move on to AS in ADE states. These are Abelian topological states which carry chiral Kac-Moody
(KM) current algebras at level 1 along their edges. These include a range of FQH states under the Cartan
ADE classification of simply-laced Lie algebras [Di Francesco et al., 1999, Frohlich and Thiran, 1994, Frohlich
et al., 1997]. ( see appendix A for a brief introduction to KM algebras) The set of Ar and Dr form infinite
sequences while there are only three exceptional Er=6,7,8. In this chapter, we consider Abelian topological
states where the K-matrix is given by the Cartan matrix of a corresponding (simply-laced) Lie algebra
(which has rank r). We refer to these models as ADE states since the Lie algebras with symmetric Cartan
matrices that are suitable to form K-matrices are the An, Dn and En series from the Cartan classification
of Lie algebras. This construction ensures the presence of a KM algebra corresponding to the same Lie
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algebra at level 1 at the edge of the system, (we explicitly prove this in section 2.7) and that the modular
S matrix of the bulk topological state is the same as that of the corresponding affine Lie Algebra at level
1.[Di Francesco et al., 1999] Strictly speaking, the presence of a sector whose K (sub-)matrix is identical to
the Cartan matrix of the Lie algebra (i.e. we can identify a sub-matrix of the full K-matrix which is the
Cartan matrix of the Lie algebra) is enough to define a set of currents which obey KM algebra at level 1 at
its edge. [Di Francesco et al., 1999, Frohlich and Thiran, 1994, Frohlich et al., 1997, Cappelli et al., 1995].
Examples of such K-matrices are given in Eqs. (2.18),(2.19). However, we will not explicitly deal with such
states .
Throughout, we will use two explicit examples of ADE states to illustrate our results: A2 = su(3) and
D4 = so(8) which are described by
Ksu(3) =
 2 −1
−1 2
 , Kso(8) =

2 −1 −1 −1
−1 2 0 0
−1 0 2 0
−1 0 0 2

. (2.6)
The su(3) state has 3 qps: 1 = (0, 0), e = (−1, 1) and e2 = (1,−1), which form the anyon quotient lattice
Asu(3) = Z3 with fusion e × e = e2 and e × e2 = 1 up to local bosons. The qps have neutral electric
charge, but have non-trivial spin θe = θe2 = e
2pii/3 and braiding phases
√
3See =
√
3Se2e2 = e
−2pii/3 and
√
3See2 = e
2pii/3. The anyon quotient lattice of su(3) is two dimensional and can be easily illustrated in 2D.
It is shown in Fig. 2.1 where the white, red and blue circles refer to the qps 1, e and e2. The inner product
between vectors a,b of the lattice is given by aTK−1su(3)b. Thus, the inner product between vectors (1, 0)(≡ e)
and (0, 1)(≡ e2) is 〈(1, 0), (0, 1)〉 = 13 . Also,〈(1, 0), (1, 0)〉 = 〈(0, 1), (0, 1)〉 = 23 . Thus cos(θ) = 1/32/3 = 1/2
where θ is the angle between (1, 0) and (0, 1),prompting the representation as a triangular lattice.
The so(8) state has 4 qps: 1 = (0, 0, 0, 0), e = (0,−1, 0, 1), m = (0,−1, 1, 0) and ψ = (0, 0,−1, 1) forming
the anyon quotient lattice Aso(8) = Z2 × Z2 with fusion rules e2 = m2 = 1 and ψ = e × m up to local
bosons. They have neutral electric charge, carry fermionic spin θe = θm = θψ = −1, and braiding phases
2See = 2Smm = 2Sψψ = 1, and 2Sem = 2Smψ = 2Sψe = −1. Thus, the three non-trivial anyons are
fermions.
The anyon labels and fusion rules for general ADE states are listed in Table 2.1 and Table 2.3. In the
Lie algebra language the lattice Γ∗ = KZr of local bosons is the root lattice, while the anyon lattice Γ = Zr
is called the weight lattice [Cano et al., 2014] and is dual to Γ under the bilinear product 〈a,b〉 = aTK−1b.
We have omitted the E8 state with trivial topological order (D = 1) [Lu and Vishwanath, 2012]. We note
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in passing that there is an eightfold periodicity in the Dr series with rank r ≥ 3 such that the Dr state is
stably equivalent [Cano et al., 2014] to the Dr+8 theory up to an additional E8 state, and both theories have
identical anyon fusion and braiding content. Taken together with the non-simply laced Br series (which are
non-Abelian at level-1), they form a class of topological states with sixteenfold periodicity which matches
the structure found in Refs. [Kitaev, 2006], [Gu and Levin, 2014], and [Fidkowski et al., 2013]. Also,
from the braiding phase and spin of the quasiparticles we expect that KE7 ⊕ σx is stably equivalent to(−Ksu(2))⊕E8, KE6⊕σx⊕σx is stably equivalent to (−Ksu(3))⊕E8, and −Ksu(4)⊕E8 is stably equivalent
to Kso(10) ⊕ σx ⊕ σx ⊕ σx.
Anyon fusion lattice
Anyon labelsA = Zr/KZr
Ar Zr+1 1 = er+1, e, . . . , er
D2n Z2 × Z2 1, e,m, ψ = e×m
D2n+1 Z4 1 = e4, e, e2, e3
E6 Z3 1 = e3, e, e2
E7 Z2 1 = e2, e
Table 2.1: Quasiparticle labels of the Ar = su(r + 1), Dr = so(2r) and E6,7 Abelian topological states at
level 1.
Remarkably, in an Abelian state in the ADE classification, Outer(K) is exactly the group of outer
automorphisms of the simply-laced Lie algebra, and coincides with the symmetry group of the Dynkin
diagram [Humphreys, 1972, Fuchs, 1995] (see Fig. 2.2). The explicit AS actions are listed in Table 2.2. For
A2 = su(3) the Dynkin diagram has a Z2 “reflection” AS which is represented by the Pauli matrix Mσ = σx
that acts on the rank two anyon lattice vectors and simply interchanges the qps e and e2 while leaving the
vacuum fixed. Examples of explicit inner and outer automorphisms as represented on the anyon lattice are
shown in Fig. 2.1.
We present a brief discussion of the outer automorphisms of Lie algebras in supplement 2.9.4 where we
motivate this connection in more mathematical detail. We omit E7 from this list because it has the anyon
content {1, e}, h1 = 0;he = 34 (see Table 2.6 ). Thus there are no anyonic symmetries for E7.
The only ADE state with more than just a Z2 AS group is the D4 = so(8) state which has a triality
symmetry. The AS group is S3 = Dih3 which is the permutation group of three elements generated by
“reflection” and threefold “rotation” in its Dynkin diagram. This group is non-Abelian, contains a total of
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1e2
e
120◦
1
e2
e
60◦
1
e2
e
e2
e1
1
(a) Inner Automorphism
where the lattice is
rotated through 120◦
(b) Inner automorphism
corresponding to
reflection about the
horizontal dotted grey
line
(c) Outer Automorphism
where the lattice is
rotated through 60◦
(d) Outer automorphism
corresponding to
reflection about the
vertical dotted grey line
Figure 2.1: Anyon lattice of su(3) with inner and outer automorphisms. The white, red and blue circles
refer to the distinct quasiparticles 1, e and e2 respectively in the anyon quotient lattice Z2/KZ2. (a) and
(b) are examples of inner automorphisms where anyon labels (colors of the circles) are preserved whereas
(c) and (d) the outer automorphisms exchange e and e2 (blue and red circles)
21
......
......
Ar = su(r + 1)
Dr = so(2r)
E6
D4 = so(8)
Figure 2.2: Mirror symmetry of Dynkin Diagrams of Ar, Dr, E6 and S3 = Dih3 symmetry of D4.
Outer(K) anyonic symmetry action
Ar, D2n+1, E6 Z2 σ : e↔ e−1
D2n, n 6= 2 Z2 σ : e↔ m
D4 S3 = Dih3
σψ : e↔ m
ρ : e→ m→ ψ → e
Table 2.2: Symmetry action Outer(K) on anyon labels.
six elements, and the generators are represented by
Mσψ =

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

, Mρ =

1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0

(2.7)
which act on four dimensional anyon lattice vectors. Mσψ interchanges e↔ m but fixes ψ up to local boson.
Mρ rotates e → m → ψ → e which is an example of a threefold symmetry operation. All ADE symmetry
operations can be chosen to strictly preserve U(1) symmetry and leave the charge vector unchanged so we
have no further restrictions. In fact, to our knowledge this is the only known example of a non-Abelian
anyonic symmetry group in an underlying Abelian theory.
Now that we have introduced the basic idea behind AS we will move on to discuss the consequences. The
remainder of the chapter is organized as follows: (i) we first show/review that the generic consequence of
a non-trivial AS group is the existence of topologically distinct gapped phases along quasi-one dimensional
interfaces/edges with identical, but oppositely propagating, edge modes with chiral central charge c− = 0
(see Fig. 2.3)[Barkeshli et al., 2013b]; (ii) since counter-propagating modes at an interface can be mapped
to a single edge of a fractional quantum spin Hall phase we can apply our results to determine the stability
of the edges of ADE FQSH states. In the next chapter, we will introduce twist defects and use the AS group
to determine the distinct set of semiclassical twist defects in ADE FQH states and some of their properties.
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2.4 Anyonic symmetry and distinct Gapped Interface Phases
Ltopedge =
1
4pi
KIJ∂xφ
R
I ∂
Lbottomedge = −
1
4pi
KIJ∂xφ
L
I ∂t φ
L
J
t φ
R
J
g
(M)
I cos
[
KIJ(φ
L
J + MJ ′Jφ
R
J ′)
]
m
a
Ma
LM
−
Figure 2.3: Local boson tunneling in (2.9) gives a gapped interface phase LM represented by a branch cut
(dashed wavy blue line) and a parallel quasiparticle string (solid blue line). Passing anyon changes type
a→Ma and accumulate a crossing phase DSam in (2.11).
We begin our study with a quasi-one dimensional interface with identical but oppositely propagating
edge modes. The gapless edge modes on an interface have the (1 + 1)-d bosonic Lagrangian density Ledge =
1
4piKIJ∂xφI∂tφJ , where the K-matrix is identical to that in the bulk, and QPs are expressed as vertex
operators ψa = eia·φ. In limit of weak coupling between opposite sides of the interface, the chiral gapless
edge modes along the opposite sides of the interface in question are described by the boson Lagrangian
density
Ltopedge + Lbottomedge =
1
4pi
Kσσ
′
IJ ∂xφ
σ
I ∂tφ
σ′
J +
1
2pi
tσI 
µν∂µφ
σ
I Aν (2.8)
where σ = 0, 1 = R,L labels right and left moving modes, φRI (φ
L
I ) are the boson fields living along the
top (bottom) edge, and Kσσ
′
IJ = (−1)σδσσ
′
KIJ (see Fig. 2.3). We assume that t
σ = tL = tR = t.
Corresponding to each quasiparticle vector a in the bulk, the vertex operator on the right(left) edge is
ψaR = e
ia·φR(ψaL = e
−ia·φL). This convention ensures that the charge of both ψaR and ψ
a
L is e
∗aTK−1t .
Remarkably, given any element M of the AS group, the interface can be gapped by a corresponding set
of backscattering terms
δLM = −
∑
I
g
(M)
I cos
[
KIJ
(
φLJ +MJ′Jφ
R
J′
)]
(2.9)
where repeated indices J and J ′ are summed over. This describes tunneling between the local boson
eiKIJMJ′Jφ
R
J′ on the top edge and e−iKIJφ
L
J on the bottom. We assume that the representative matrix M
of the AS group element is charge conserving so that the tunneling term preserves boson number, however,
this condition can be relaxed if the global U(1) charge symmetry is broken as discussed earlier.
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In the strong-coupling limit the terms in Eq. (2.9) lead to a gapped interface phase associated with the
symmetry M which we denote by the symbol LM for convenience. The backscattering terms simultaneously
pin the boson vacuum expectation values
〈φLI +MJIφRJ 〉 = 2pi(K−1)IJmJ , for m ∈ Zr (2.10)
as the operators for each value of I mutually commute. This pinning effectively condenses the local bosonic
qp pairs
〈(
ψMaR
)†
ψaL
〉
= 〈e−i(a·φL+(Ma)·φR)〉 = e−2piiaTK−1m (2.11)
along the interface. The gapped interface state is then characterized by this qp pair condensation, and can
be diagrammatically represented by a branch cut associated with M that is decorated with a parallel qp
string m localized near the cut (see Fig. 2.3). The branch cut itself will change the anyon type of a passing
qp from a→Ma, while the attached m string contributes the additional U(1) crossing phase required from
Eq. (2.11). Such qps localized at defects have also been studied by in Refs. [Barkeshli et al., 2013b, Lindner
et al., 2012, Clarke et al., 2012, Cheng, 2012, Vaezi, 2013]. Two anyonic symmetry matrices M and M ′
correspond the same gapped interface phase if the backscattering terms pin and condense the same set of
bosonic qp pairs, i.e., the gapped edge phases are identical if Ma = M ′a modulo KZr. Gapped interface
phases are therefore in one-to-one correspondence to the group Outer(K) of anyonic relabeling symmetries
defined in (2.5). We further note that, although we focus on charge conserving edge tunneling terms in this
work, our formalism also applies to gapping terms which describe superconducting pairing. This includes
terms like
δLM = −
∑
I
g
(M)
I e
iKIJMJ′J′φ
R
J e−iKIJφ
L
J + h.c.
= −
∑
I
g
(M)
I cos
[
KIJ
(
φLJ −MJ′JφRJ′
)]
which condense local bosonic pairs ψMaR ψ
a
L on the edge.
Now, as a sanity check we show that the gapping term in equation (2.9) obeys Haldane’s null vector
criterion [Haldane, 1995]. To approach the analysis, we first note that the two edge theories coupled at an
interface in the previous section (c.f. Eq. (2.8)) can be regarded as a single-edge of a doubled system with
K-matrix Kσσ
′
= K ⊕ (−K) if the topological states on the two sides of the interface are folded on top
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of each other [Barkeshli et al., 2013a, Barkeshli et al., 2013b]. The K matrix of a such a theory looks likeK 0
0 −K
 with bosonic degrees of freedom on the edge represented by φ =
φR
φL
, where φR and φL
are counterpropagating edge modes on the same interface. We see that this Lagrangian is the same as (2.8).
This represents a fractional quantum spin Hall state of bosons [Levin and Stern, 2009, Levin and Stern,
2012].
Using MKMT = K, we can rewrite (2.9) as
δLM = −
∑
I
g
(M)
I cos
[
KIJ
(
φLJ +MJ′Jφ
R
J′
)]
= −
∑
I
gMI cos
[
ΛTI (K ⊕−K)φ
]
(2.12)
Alternatively, the full set of gapping terms can be put in terms of the matrix
Λ =
(M−1)T
−1r×r
, where ΛI is the I th column of the 2r×r matrix Λ, and 1r×r is the r dimensional identity
matrix.
Hence, the null vector criterion
ΛTI KΛJ =
[
M−1K
(
M−1
)T ]
IJ
− δIMKMNδNJ = KIJ −KIJ = 0
is satisfied.
2.5 Application I: Stability of ADE bosonic fractional quantum
spin Hall states
In this section we argue that the Lagrangian for the interface is identical to that of the edge of a bosonic
quantum spin hall state. This enables us to classify gapped edges of bosonic FQSH using anyonic symmetries.
We will outline the action of time reversal operators on the edge degrees of the quantum spin hall state (with
more details in the supplement 2.9.5). To understand the stability of the FQSH edge states we must carefully
analyze whether the gapping terms we add to destabilize the gapless degrees of freedom on the edge explicitly
or spontaneously break TR symmetry. Such questions have been the focus of recent works like [Levin and
Stern, 2012, Wang and Levin, 2013]. Once we understand the symmetry properties of the possible gapped
edge phases we can determine the conditions under which the edge can be destabilized without breaking any
protective symmetries.
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In the previous subsection, we have already remarked that the interface can be regarded as the single
edge of a bosonic quantum spin hall state. This identification enables us to characterize the gapped edges
of these states using anyonic symmetry. The time reversal (TR) matrix is Tσσ
′
IJ = (σx)
σσ′δIJ acting on
the spin-momentum locked σ =↑, ↓= R,L degree of freedom. The TR operator T is anti-unitary and acts
according to
T −1φσI T = Tσσ
′
IJ φ
σ′
J + pi(K
−1)σσ
′
IJ χ
σ′
J (2.13)
for some TR vector χ = (χ↑,χ↓) ∈ R2r.[Levin and Stern, 2012] For our classes of ADE FQSH systems
(and many others) we show in supplement 2.9.5 that χ can be set to 0 and hence, T −1φL/RI T = φR/LI .
Thus, T −1ψaRT = ψaL. Indeed since ψaR and ψaL are time-reversed partners, their T and S matrices obey
T aR = (T
a
L)
∗
= eipia
TK−1a and SabR =
(
SabL
)∗
= e2ipia
TK−1b. Also, under time reversal the gapping term
transforms as
δLTM = T −1δLMT
= −
∑
I
g
(M)
I cos
[
KIJ
(
φRJ +MJ′Jφ
L
J′
)]
.
Generically, since the edge is non-chiral, one can destabilize the edge and open a gap via, for example,
condensing bosons on the edge. However, we are not only interested if a gap can form, but what symmetries
the resulting gapped state breaks or preserves, e.g., some gapped phases may break time-reversal and some
may preserve time-reversal. For our problem, the edge condensate is formed from the qp pairs
(
ψMa↑
)†
ψa↓ ,
and is a maximal collection of mutually local bosons, known as a Lagrangian subgroup [Levin, 2013] in the
TR symmetric doubled anyon lattice system A↑ ⊗A↓.
2.5.1 Explicit T-Breaking on the edge of bosonic FQSH systems
Let us look at a few examples before making a general statement. To simplify notation let xR/L stand
for ψxR/L and x¯R/L ≡
(
ψxR/L
)†
. The A2 = su(3) state has AS Outer(Ksu(3)) = Z2 generated by 1 and
σ. These generators correspond to the gapped interface/edge phases L1 and Lσ with qp pair condensates
{1L1R, eLeR, e2Le2R} and {1L1R, eLe2R, e2LeR} respectively. To test if these phases break TR explicitly we
calculate T −1L1T = {1R1L, eReL, e2Re2L} and T −1LσT = {1R1L, eRe2L, e2ReL}. To compare with L1 and
Lσ we take the Hermitian conjugate, and we see that T −1L1T = (L1)† and T −1LσT = (Lσ)†. While this
might initially seem problematic for TR preservation, we note that L and L† actually represent the same
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set of condensed bosons. We see by using equations (2.10) and (2.11) that
〈(
ψMaR
)†
ψaL
〉
6= 0 =⇒
〈
ψMaR (ψ
a
L)
†
〉
6= 0.
Explicitly, we can see this by taking the Hermitian conjugate of equation (2.11)
〈[(
ψMaR
)†
ψaL
]†〉
=
〈
ψMaR (ψ
a
L)
†
〉
= e2piia
TK−1m.
Thus, we see that we can safely add both δLM and δLTM (i.e., the terms corresponding to the time-reversed
partner of the δLm) to the edge Lagrangian Ltopedge + Lbottomedge in this case(and in all cases with Z2 anyonic
symmetry as we show in the next subsection) while staying in the same phase (that is condensing the same
set of bosons) . Hence, Ltopedge + Lbottomedge + δLM + δLTM is TRI. Thus, we see that when the time reversed
(i.e., Hermitian conjugate) phase condenses the same bosons as the original one, i.e. it does not break time
reversal explicitly . These statements pertain to the explicit breaking of time-reversal. We will deal with
spontaneous symmetry breaking below where we check that the expectation value of the condensate and
its TR partner are the same. As we will show the condition for the absence of spontaneous time-reversal
breaking will be Eq. (2.16). Before we discuss this, let us explicitly consider the phases of the so(8) state.
The D4 = so(8) state has six symmetry operators in Outer(Kso(8)) = S3, and these correspond to six
gapped phases. For example the trivial one L1 condenses {1L1R, eLeR,mLmR, ψLψR}, the twofold one Lσψ
condenses {1L1R, eLmR,mLeR, ψLψR}, and the threefold one Lρ condenses {1L1R, eLmR,mLψR, ψLeR}.
The Lagrangian subgroup for Lσψ preserves TR (analogous to Lσ for su(3)) while that for Lρ breaks it upon
adding the gapping terms. We consider the example for Lρ explicitly, T −1LρT = {1R1L, eRmL,mRψL, ψReL}.
Taking hermitian conjugate we see that {1L1R,mLeR, ψLmR, eLψR} = Lρ−1 6= Lρ. Hence the edge phase
determined by the threefold symmetry explicitly breaks time reversal symmetry, because the time-reversed
phase condenses a different set of bosons.
After the intuition gained from examining these cases we will now prove that the gapped edge phase
LM does not break TR explicitly if the Lagrangian subgroup is TR invariant, i.e., the TR of the gapped
edge describes the same phase, which is the case if and only if M2 = 1 (up to inner automorphisms).
Microscopically this arises from the fact that if M2 = 1 then the sine-Gordon gapping terms in (2.9) can be
made TR symmetric by adding time-reversed counterparts that pin the same set of qp pairs. This includes
all symmetries in the ADE states except the threefold symmetry ρ of so(8). One cannot write down a
time-reversal invariant Lagrangian that is gapped by the three-fold symmetry group element.
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We can continue our microscopic treatment by expanding the edge Lagrangian density in (2.8),
Ledge,bare = 1
4pi
KIJ∂xφ
R
I ∂tφ
R
J −
1
4pi
KIJ∂xφ
L
I ∂tφ
L
J
+
e∗
2pi
µνtI∂µφ
R
I Aν +
e∗
2pi
µνtI∂µφ
L
I Aν .
Ledge is obviously TRI. But, now we need to understand what happens when we add the gapping term δLM
in (2.9) ; we reproduce it here for convenience
δLM = −
∑
I
g
(M)
I cos
[
KIJ
(
φLJ +MJ′Jφ
R
J′
)]
.
δLM breaks TRI, to restore it we add its time reversed partner
δLTM = T −1 (δLM ) T
= −
∑
I
g
(M)
I cos
[
KIJ
(
φRJ +MJ′Jφ
L
J′
)]
.
The full Lagrangian Ledge,bare + δLM + δLTM is time reversal invariant, but we also need to make sure
that δLM and δLTM describe the same gapped phase, i.e. both the terms condense the same set of bosonic
quasiparticles. This is equivalent to the statement that
KIJ
(
φRJ +MJ′Jφ
L
J′
)
= 2pi (p1)I ; (p1)I ∈ Z
=⇒ KIJ
(
φLJ +MJ′Jφ
R
J′
)
= 2pi (p2)I ; (p2)I ∈ Z.
Next we find the conditions when the above is true (we use vector notation from here on and K and M are
matrices)
K
(
φR +MTφL
)
= 2pip1 (2.14)
and using MKMT = K we see
K
(
φL +
(
MT
)−1
φR
)
= 2piMp1. (2.15)
Now, drawing upon the correspondence between gapped interface phases and AS outlined before, this implies
that if δLM leads to the gapped interface which acts on the anyons labels a → Ma, δLTM leads to a →
M−1a. Further, as remarked before, two anyon symmetries M and M ′ lead to the same gapped interface
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if Ma = M ′a + KZr ∀a, which is to say M = M ′ up to inner automorphisms. In this case we require
M = M−1, thus M2 = 1 up to inner automorphisms.
Thus if the gapped edge of the bosonic quantum spin hall effect is in the phase LM and preserves TRI
it must satisfy M2 = 1. We, have already seen the example of the three fold symmetry ρ of so(8), which
acts on the anyon labels by sending (e,m, ψ)→ (m,ψ, e) . It satisfies ρ3 = 1. δLTρ however represents the
inverse threefold symmetry ρ−1, by equation (2.15). Since ρ−1 6= ρ this breaks TRI explicitly as mentioned
above.
2.5.2 Spontaneous T-breaking on the edge of Bosonic FQSH systems
This concludes our discussion of the explicit breakdown of TRI. There is a further complication in that, even
though the Lagrangian is TR invariant, the ground state condensate itself can break TR spontaneously. As
such, even when a gapped interface may pin the same qps as its TR partner, the expectation value of the
condensate in the time reversed phase may be different than that in the original phase. In order to prevent
the spontaneous breaking of TR symmetry we must constrain the condensate phase as follows. First, let us
specialize to gapped edges where M2 = 1 so that TR is not broken explicitly. Time reversal (2.13) operates
on the qp condensate
(
ψMaR
)†
ψaL along a fractional quantum spin Hall edge by
T −1
[(
ψMaR
)†
ψaL
]
T = T −1
[
e−i((Ma)·φ
R+a·φL)
]
T
= ei((Ma)·φ
L+a·φR) = ei((MMa)·φ
R+Ma·φL).
Using Eq. (2.10) we find
〈
T −1[(ψMaR )† ψaL]T 〉 = e2piiaTK−1(Mm),
which should be compared to
〈(
ψMaR
)†
ψaL
〉
= e−2piia
TK−1m from Eq. (2.11). Thus, to preserve time-reversal
we must have m satisfy
m ≡ −Mm mod Km (2.16)
otherwise the ground state will break TR spontaneously. For all of the ADE cases, we have examples of M
which obey M2 = 1, and conserve charge Mt = t (Eqs. (2.7) and (2.41)). We can also satisfy Eq. (2.16)
with the case when m = 0. Thus in all the ADE FQSH cases, we can gap out the edge even if we demand
TRI and charge conservation.
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In fact, using the criterion in Ref. [Levin and Stern, 2012], one can show in general that whenever
χ = 0, the edge can be gapped without breaking TR or charge conservation. In particular these gapped
edges represent twofold defects M2 = 1. However, there exist gapped edges which do break time reversal
symmetry explicitly while conserving charge as well, e.g., the threefold defect ρ for so(8).
2.6 Importance of ADE algebras
In this chapter we have talked quite a bit about ADE Lie Algebras. This might sound rather abstract. So it
seems pertinent to devote a section to motivate the reasons for studying the ADE fractional quantum Hall
states. In fact, these fractional quantum Hall states are relevant to several important lines of research. The
importance of the states in the A series for the study of FQH hierarchy states has already been pointed out
in a series of papers as early as [Read, 1990] and the structure was further clarified by [Frohlich and Zee,
1991, Frohlich and Thiran, 1994, Frohlich et al., 1997]. This is particularly relevant for the hierarchy states
at filling fractions n2np±1 with symmetry u(1)× su(n)1 [Cappelli et al., 1995], where p is a positive integer.
The factor of su(n)1 is exactly the symmetry of the A series of Lie algebras.
K(n)×(n) =

2p± 1 −1 0 . . . 0
−1
0 ±An−1
...
0

t =
(
1, 0, 0, · · · , 0
)T
(2.17)
where An−1 is the Cartan matrix for su(n). As an example, the second hierarchy state at filling fraction
ν = 22×2+1 =
2
5 has
K =
 3 −1
−1 2
 (2.18)
30
with charge vector t =
1
0
 and symmetry u(1) × su(2)1. The third hierarchy state at filling fraction
ν = 33×2−1 =
3
5 has symmetry u(1)× su(3)1, K matrix

1 −1 0
−1 −2 1
0 1 −2
 , (2.19)
and a charge vector t =

1
0
0
 . The general structure in these cases follows this basic pattern. We also note
that Laughlin states are stably equivalent to su(n)1 states in the A series as was explicitly noted for the
1
3 state in Ref. [Cano et al., 2014]. The D series has been proposed in the context of even denominator
quantum Hall states [Read, 1990], and the E series is perhaps the least experimentally relevant currently.
Here, we do not focus on the hierarchy states because these have an extra fermionic u(1) (charge) sector
which complicates the anyonic symmetry analysis.
Beyond their relevance for hierarchy states, the ADE states have also been featured in the recent discus-
sion of topologically ordered and symmetry protected topological states. For example, the E8 state has been
in focus because it is a bosonic short range entangled phase with no topological order[Lu and Vishwanath,
2012]. The so(8) state, which lies in the D series, exists on the surface of a 3D bulk Symmetry protected topo-
logical(SPT) phase protected by time reversal symmetry[Burnell et al., 2014, Wang and Senthil, 2013, Wang
et al., 2014]. As we will soon show, the so(8) state has very special properties in the context of anyonic
symmetry that could be probed if such a bulk 3D topological phase were discovered. The D series forms half
of the sixteen-fold classification scheme first predicted by Kitaev for 2D topologically ordered states[Kitaev,
2006], and represents various versions of the toric code and semion/anti-semion topological order. It has
been further considered in recent work on interacting 2D[Gu and Levin, 2014, Qi, 2013] and 3D topological
phases[Fidkowski et al., 2013, Metlitski et al., 2014, Wang and Senthil, 2014].
From a mindset of pure convenience, the ADE states also have the advantage that their anyonic symme-
tries can be fully classified using powerful results from the mathematics of Lie algebras, whereas identifying
the exact anyonic symmetry group is still an open problem for states with generic K-matrices/anyon lattices.
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2.7 Cartan matrix of a Simply Laced Algebra in bulk:
Kac-Moody algebra at level 1 on the edge
In the previous sections, we have used the fact that if we have a Chern Simons theory with Lagrangian
density
Lbulk = −
1
4pi
AIJαI ∧ dαJ + · · ·
in the bulk, where K = A, the Cartan matrix of a simply laced Lie Algebra, ( i.e. an algebra belonging to
the ADE series), then the edge bosonic modes support the corresponding Kac-Moody (KM) algebra at level
1. The edge Lagrangian density of the theory is
Ledge = −
1
4pi
AIJ∂xφI∂tφJ + · · ·
We have put the negative sign in front of the K matrix, so that we can work with the holomorphic/left
moving sector of the theory. In this section we will construct the holomorphic KM currents for the simply
laced Lie Algebra with Cartan matrix A.
From Ledge, we have the commutation relation
[∂xφI(x, t), φJ(y, t)] = 2piiA
−1
IJ δ(x− y) (2.20)
We perform a basis transformation into the “local” bosonic modes
φ˜I =
∑
M
AIMφM (2.21)
In Lie algebra language, the lattice spanned by the local bosons, φ˜ is the root lattice, while φ spans
the weight lattice (in the fundamental weight basis) with inner product dictated by the quadratic form
matrix F = A−1. ( in the normalization |α|2 = 2) This is precisely why A−1 appears in the commutation
relations (2.20) for the φ fields . The coefficients AIJ that appear in equation (2.21) are the Dynkin labels
of the simple roots, the expansion coefficients of the simple roots in the fundamental weight basis. Thus the
I’th simple root αI = (AI1, AI2, · · · , AIr) in the fundamental weight basis. Definitions and notations for
the Lie algebra concepts used in this section can be found in the Appendix A.
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The local bosons, φ˜ obey the commutation relationship
[φ˜I(x, t), φ˜J(y, t)] = ipiAIJ{sgn(x− y) + sgn(I − J)} (2.22)
We do not mean summation over repeated symbols in equation (2.22). The second term AIJsgn(I − J) is
the “Klein factor”, which ensures that when I 6= J , and AIJ = −1, then bosons belonging to distinct species
commute with each other. As we will see, it also takes care of cocycle factors [Frenkel and Kac, 1980, Segal,
1981] in the KM algebra. Note that we are dealing with a locally bosonic theory, since AII = 2. So, the
Klein factors here are somewhat different from those in a fermionic theory.
The Operator product expansion (OPE) corresponding to the equation (2.22) is
〈φ˜I(z)φ˜J(w)〉 = −AIJ log(z − w) + ipi
2
AIJsgn(I − J) (2.23)
where we are now using the complex co-ordinates z = eτ+ix, τ is the complex time it.
Following [Goddard et al., 1986, Gepner, 1987, Di Francesco et al., 1999], the bosonic (1, 0) holomorphic
KM currents corresponding to the simple roots take the form in the Chevalley-Serre basis shown below.
eI(z) = exp[iφ˜I(z)]; f
I(z) = exp[−iφ˜I(z)]; hI = i∂φ˜I(z) (2.24)
eI , f I , hI are the triad of generators corresponding to the simple root αI .
In fact, for any root µ =
∑
I
mIαI , the corresponding raising and lowering operators are e
µ = exp[i
∑
I
mI φ˜I ]
and fµ = exp[−i∑
I
mI φ˜I ].
For the simple roots, in the Chevalley-Serre basis the OPE defining the KM currents (A.23) at level 1
takes a particularly simple form in terms of the structure constants as written below
hI(z)hJ(w) ∼ κ(h
αI , hαJ )
(z − w)2 =
AIJ
(z − w)2
hI(z)eJ(w) ∼ AIJ
z − we
J(w); hI(z)fJ(w) ∼ − AIJ
z − wf
J(w)
eI(z)f I(w) ∼ 1
(z − w)2 +
hI(w)
z − w ; If I 6= J, e
I(z)fJ(w) ∼ 0
If (αI , αJ) = −1; eI(z)eJ(w) = (I, J)
z − w e
αI+αJ (w) (2.25)
eαI+αJ is the generator corresponding to the (non-simple) root αI + αJ and κ is the Killing form. The
cocycle factor (I, J) takes care of the fact that when (αI , αJ) = −1, interchanging (I, z) ↔ (J,w) results
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in a −1 sign due to the first order pole in the denominator. The cocycle satisfies (I, J) = −(J, I).
It is easy to verify that the ansatz (2.24) satisfies the desired K-M algebra (2.25) using equation (2.23).
The only non-trivial case corresponds to when (αI , αJ) = −1, AIJ = −1 and we have a co-cycle factor.
eiφ˜I(z)eiφ˜J (w) =
eiφ˜I(z)eiφ˜J (w)
z − w exp
(
− ipiAIJ
2
sgn(I − J)
)
=
ei(φ˜I(z)+φ˜J (w))
z − w i sgn(I − J)
Thus the co-cycle factor is (I, J) = isgn(I − J). Thus it is obvious that it fulfills, (I, J) = −(J, I).
The KM algebra for arbitrary roots µ =
∑
I
mIαI and ν = nIαI for the simply laced case take the form
hI(z)eµ(w) ∼ (α, µ)
z − we
µ(w); eµ(z)fµ(w) ∼ 1
(z − w)2 +
∑
I
mIhI(w)
z − w
If µ+ ν ∈ ∆, eµ(z)eν(w) ∼ (µ, ν)
z − w e
µ+ν(w); If µ+ ν /∈ ∆, eµ(z)eν(w) ∼ 0 (2.26)
where, (µ, ν) is the cocycle factor for the roots µ and ν and it is automatically taken care of by the term
AIJsgn(I − J) in the commutation relation for φ˜.
We now calculate the cocycle factor for an arbitrary pair of roots µ =
∑
I
mIαI and ν =
∑
I
nIαI , given
that (µ, ν) = −1. For simply laced algebras this is the only situation cocycle factors are needed. Note that
this implies that mIAIJnJ = −1.
eµ(z)eν(w) = e
i
∑
I
mIαI
(z)e
i
∑
J
nJαJ
(w)
= eµ+ν(w) exp
[∑
IJ
mInJAIJ log(z − w)− ipi
2
AIJmInJ sgn (I − J)
]
=
eµ+ν(w)
z − w i
∑
IJ
−AIJmInJ sgn (I−J)
Thus, we obtain the co-cycle factor
(µ, ν) = i
∑
IJ
−AIJmInJ sgn (I−J)
(2.27)
To end, we note that the co-cycle factor (µ, ν) obtained in equation (2.27) is proportional to the cocycle
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factor obtained via a star product in standard literature. [Di Francesco et al., 1999]
(µ, ν) = i
∑
IJ
−AIJmInJ sgn (I−J)
= i
− ∑
I>J
AIJmInJ
i
∑
I<J
AIJmInJ
after some algebra = (−1)−µ∗ν i(µ,ν) (−1)m·n
= (−1)µ∗ν i(µ,ν) (−1)m·n (2.28)
where, µ ∗ ν is called the the star product. The last line is true because for simply laced Lie algebras µ ∗ ν
is integral.
µ ∗ ν =
∑
i>j
minj(αi, αj) (2.29)
For simply laced algebras, it reduces to µ ∗ ν = ∑
i>j
nimjAij .
In literature, (µ, ν) is defined simply as (−1)µ∗ν without the two other factors symmetric in µ and
ν. Since the constant of proportionality is symmetric, the cocycle factor still performs the desired task of
making the bosonic KM currents commute.
In any, case we would like to point out that this way of defining cocycle factors is perhaps easier than
making them momentum valued as is customary in the literature. [Di Francesco et al., 1999]
We also note that if the bulk theory has a K matrix such that the submatrix is a Cartan matrix, (for
example see section 2.6), then a subset of the edge bosonic modes enact the KM algebra. The full edge
theory is generally specified by the Cartesian product of the KM algebra with u(1) factors.
Thus, we have accomplished the desired goal of showing that having a Chern Simons theory specified by
K matrix equal to the Cartan matrix in the bulk leads to the corresponding KM algebra at level 1 on the
edge for simply laced Lie algebras.
2.8 Concluding remarks
In the beginning, anyonic symmetries were defined in equation (2.1) as symmetries of the braiding and
exchange statistics. We then followed with a description of AS in the K matrix formalism. Although, one
might expect both of them to be equivalent, it turns out that the latter is a subset of the former. Description
of the AS in terms of the symmetries of the K matrix demands that K stays invariant, (equation (2.2))
In other words, it demands conformal structure on the edge to be respected, which is a more stringent
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requirement than just demanding braiding invariance.
Just demanding braiding invariance will lead to more anyonic symmetries as considered in Ref. [Lu
and Fidkowski, 2014]. For example, in the case of su(12) the symmetries which preserve spin lead to qp
transformations generated by e → e−1 = e11 (c.f. Table 2.2) and we have he = he−1 = 1124 (c.f. Table 2.6).
However, if we only require keeping the T -matrix invariant this leads to another anyonic symmetry generated
by e → e7. In this case he7 = 1 + 1124 . This is an allowed symmetry because, e2piihe7 = e2piihe . Thus, if
we require the full set of anyonic symmetries which preserve the T matrix, it will be generated by both the
transformations e→ e7 and e→ e11. However demanding that the symmetries preserve conformal structure
on the edge restricts us to only consider e → e11. We expect that these types of anyonic symmetries up to
stable equivalence can be realized by considering the spin preserving symmetries of the the set of K matrices
{K ′ : K ′ is stably equivalent to K}. These will be the subject of future work. We will see this issue arise
again in chapter 4 when we consider the Laughlin K = 12 state which is stably equivalent to su(12).
The above comments should not be taken to mean that our classification of defects and domain walls is
incomplete or that our method is insufficient. As discussed in the introduction 1.4, considering a matrix K ′
which is stably equivalent to K involves enlarging K by some L ∈ GL(n, z) such that K ′ = K ⊕L (possibly
with some additional basis transformation W ). L describes a theory with equal numbers of right and left
movers so that the chiral central charge is unchanged. In these cases the edge theory is no longer described
by K but by K ′ . The defects and gapped edges that can exist on the edge of K ′ can again be analyzed using
anyonic symmetry as defined in this chapter and will be comprehensive for that edge theory. We would like
to emphasize that simply stating the anyonic symmetry in terms of the braiding matrix was not the goal of
this article, but instead the focus has been on realizing distinct gapped edges and defects associated with
that anyonic symmetry. Hence, once the edge theory has been fixed by the K matrix, we do not need to
worry about extra anyonic symmetries that might arise from stably equivalent matrices. Any gapped edge
that can be written down for the theory must involve an expression of the form in equation (2.9), and all
such terms can be fully classified by looking at the symmetries of the K matrix alone.
While we mentioned the connection between the fractional quantum Hall hierarchy states and the ADE
series, the cases studied in this paper do not refer to states with a local fermionic sector which is more
relevant for experimentally observed filling fractions in two dimensional electron gas systems. The fermionic
problem is more challenging. For example, if b is a local boson and a an arbitrary anyon, then we identify a
and a + b and θa = θa+b = e
2piiha = e2piiha+b . However, once we include fermions as local particles this can
lead to complications such as θa+f = −θa because fermions have half integral spin. This leads to anyonic
symmetries being Z2 graded according to fermion parity (which should be physically conserved), which adds
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more complexity but should be a straightforward, though perhaps technically challenging extension.
To conclude, we associated the anyon relabeling symmetry of a general Abelian topological phase with
the group of outer automorphisms of the K-matrix. We presented the AS of the bosonic ADE Abelian
topological states, and discussed thoroughly the Z2 symmetry for su(3) and S3 triality symmetry for so(8).
One dimensional gapped interface phases for chiral ADE states were shown to be naturally classified by AS.
A similar method was applied to gapped edge phases for bosonic ADE fractional quantum spin Hall states,
where extra constraints (in addition to the even and odd criterion in Refs. [Levin and Stern, 2009, Levin
and Stern, 2012]) on the AS and the qp pair condensate were required for TR to be unbroken explicitly
or spontaneously. It would be interesting to explore the interplay between AS and TR as well as the
compatibility between qp pair condensates and TR in general fermionic phases.
2.9 Supplementary Information
2.9.1 Anyon theory of the bosonic Abelian ADE states
Here we summarize two dimensional bosonic Abelian quantum Hall states with ADE chiral Kac-Moody
(KM) current algebras at level one along boundary edges. We provide their K-matrices, quasiparticle (qp)
labels, braiding, spin, and electric charge.
The simplest K-matrices of the Chern-Simons actions that describe Abelian ADE topological states are
given by the Cartan matrices of the corresponding simply-laced algebras. Ar = su(r + 1), for r ≥ 2, and
Dr = so(2r), for r ≥ 4, form infinite series of Abelian states, each with a K-matrix of rank r.
(KAr )IJ = 2δIJ − (δI,J+1 + δI,J−1) (2.30)
(KDr )IJ = 2δIJ − (δI,J+1 + δI,J−1)+
(δI,rδJ,r−1 + δI,r−1δJ,r − δI,rδJ,r−2 − δI,r−2δJ,r) . (2.31)
There are also three exceptional simply-laced (i.e. with symmetric Cartan matrix) Lie algebras KEr=6,7,8
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with K-matrices
KE6 =

2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 −1
0 0 −1 2 −1 0
0 0 0 −1 2 0
0 0 −1 0 0 2

, (2.32)
KE7 =

2 −1 0 0 0 0 0
−1 2 −1 0 0 0 0
0 −1 2 −1 0 0 −1
0 0 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 0
0 0 −1 0 0 0 2

(2.33)
KE8 =

2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 −1 2 −1 0 0 0 0
0 0 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 −1
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 0
0 0 0 0 −1 0 0 2

(2.34)
Since all diagonal entries are 2, any such state is bosonic as all local particles are bosons. The E8 state
does not have topological order as det(KE8) = 1 so that the anyon content AE8 = Z8/KE8Z8 = 1 is trivial
and all qps are mutually local. The K-matrices (or Cartan matrices) can also be read off from the Dynkin
diagrams of the Lie algebras (see Fig. 2 for Ar, Dr, E6 and Fig. 2.4 for E7, E8). By assigning an enumeration
I = 1, . . . , r of the dots in the Dynkin diagram, the non-zero entries of the K-matrices are given by KII = 2
and KIJ = −1 if dot I and J are connected.
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E 7 E 8
Figure 2.4: Dynkin diagrams for the exceptional simply-laced Lie algebras E7, E8.
Even though we are considering purely bosonic states, it is important to note that each Abelian ADE
state can be realized in an electronic system exhibiting a fractional quantum Hall (FQH) state. The K-matrix
of such an electronic ADE state needs to be modified to include local fermionic electrons. For instance a K-
matrix could take the form of a direct sum K = KADE⊕σz [Frohlich and Thiran, 1994, Frohlich et al., 1997],
where σz only introduces local fermions. The electric charge vector would take the form t = (2, . . . , 2, 1, 1)
so that primitive local bosons are treated as charge e∗ = 2e pairs of electrons. As the additional σz does not
contribute to the topological order (|det(σz)| = 1), all results in the main text extends to such electronic
FQH states.
Next we describe the anyon lattice vectors corresponding to the qps in an Abelian ADE topological state.
The bulk boundary correspondence identifies a bulk qp to an edge vertex operator, ψa ∼ eia·φ, where a is an
r-dimensional anyon lattice vector in Γ = Zr. It has charge qae∗ for qa = tTK−1a, where the charge vector
t = (1, 1, · · · , 1) describes the external electromagnetic coupling with fundamental charge e∗ for local bosons.
As explained in the main text, due to the local boson condensate at zero temperature, the qps are defined
only up to local particles, i.e. a ≡ a + KZr. And the fractional electric charge is defined modulo integer
multiples of e∗. Table 2.3 lists a particular representation of each set of equivalent anyons [a] = a + KZr.
An alternate way to understand these allowed representations would be to use the representation theory of
KM algebras and the criterion in equation (A.33).
Algebra Anyon Anyon vector
Ar ≡ su(r + 1) 1 (0, · · · , 0)
r ≥ 2 ei (1 ≤ i ≤ r) (0, · · · , 1︸︷︷︸
ith
, · · · , 0)
Dr(r odd) 1 (0, · · · , 0)
r > 4 e (0, · · · , 0, 1, 0)
e2 (1, · · · , 0)
e3 (0, · · · , 0, 1)
Dr(r even) 1 (0, · · · , 0)
r > 4 e (0, · · · , 0, 1, 0)
m (0, · · · , 0, 1)
ψ (1, · · · , 0)
E6 1 (0, 0, 0, 0, 0, 0)
e (1, 0, 0, 0, 0, 0)
e2 (0, 0, 0, 0, 1, 0)
E7 1 (0, 0, 0, 0, 0, 0, 0)
e (0, 0, 0, 0, 0, 1, 0)
Table 2.3: r-dimensional quasiparticle vectors of the ADE Abelian topological states at level 1.
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Algebra Fractional electric charge
Ar(r even) All anyons are neutral
(or have integral charge)
Ar(r odd) e
i i even→ integral charge
ei i odd→ half-integral charge
Dr(r mod 4 = 0, 1) All anyons are neutral
(or have integral charge)
Dr(r mod 4 = 2) 1, ψ → neutral (or integral charge)
e,m→ half-integral charge
Dr(r mod 4 = 3) 1, e
2 → neutral (or integral charge)
e, e3 → half-integral charge
E6 All anyons are neutral
(or have integral charge)
E7 1→ neutral
e→ half-integral charge
Table 2.4: Fractional electric charges of the quasiparticles in units of fundamental boson charge e∗.
Qp braiding is summarized by the S matrix, where the phase of
Sab =
1
D e
2piiaTK−1b (2.35)
corresponds the braiding phase if the qp ψa is dragged once around ψb. The normalization D = √det(K),
known as the total quantum dimension, is to ensure unitarity of the S matrix. The topological spin of a qp
is given by the exchange phase
eiδa = e2piiha = epiia
TK−1a. (2.36)
The spin of the quasiparticle is
ha =
1
2
atK−1a. (2.37)
The braiding phase and exchange phase (topological spin) are invariant under the addition of local bosons.
The qp’s spin and braiding phases are listed in Table 2.5, and 2.6 respectively, and are labeled according to
the anyon labels in Table 2.3. For instance they verify the triality S3 = Dih3 symmetry for so(8) and the
eightfold periodicity Dr → Dr+8.
2.9.2 Anyonic relabeling symmetry Outer(K) of su(3)
In the main text, we defined the notion of anyon relabeling symmetry by the group of outer automorphisms
in Eq. 7. Here we demonstrate this explicitly for the A2 = su(3) state. The group of automorphisms Aut(K)
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Algebra S matrix
Ar Seµ,eν =
1√
r + 1
exp
[
−2pii µνr+1
]
0 ≤ µ, ν ≤ r
Dr(r mod 4 = 0) See = Smm = Sψψ = 1
Sem = Seψ = Smψ = −1
Dr(r mod 4 = 1) Seµ,eν =
1
2
exp
[
piiµν2
]
0 ≤ µ, ν ≤ 3
Dr(r mod 4 = 2) See = Smm = Seψ = Smψ = −1
Sem = Sψ,ψ = 1
Dr(r mod 4 = 3) Seµ,eν =
1
2
exp
[−piiµν2 ] 0 ≤ µ.ν ≤ 3
E6 Se,e = Se2,e2 = S
∗
e,e2 =
1√
3
exp[ 2pii3 ]
E7 Se,e = − 1√2
Table 2.5: Braiding S-Matrix of anyons
Algebra Spin
Ar hµ =
µ
2 (1− µr+1 )
0 ≤ µ ≤ r
Dr(r odd) h1 = 0;he = he3 =
r
8 ;he2 =
1
2
Dr(r even) h1 = 0;he = hm =
r
8 ;hψ =
1
2
E6 h1 = 0;he = he2 =
2
3
E7 h1 = 0;he =
3
4
Table 2.6: Quasiparticle Spin.
can be identified with the dihedral group Dih6, the symmetry group of a hexagon. It is is generated by a
sixfold “rotation” P and a twofold “reflection” R, and has the two-dimensional representation
Aut
(
Ksu(3)
)
=
〈
P =
 0 −1
1 1
 , R =
 0 1
1 0

∣∣∣∣∣∣∣P 6 = R2 = 1, RPR = P−1
〉
. (2.38)
We notice that these matrices are isometries with respect to the K-matrix for su(3), PKPT = RKRT = K.
Also, P and R act on anyon labels by taking e↔ e2. P and R can be visualized geometrically in Figs. 1(c)
and 1(d) respectively. On the other hand the matrices PR,P 2 preserve anyon labels up to local particles,
and therefore generate the group of inner automorphisms. P 2 is geometrically represented in Fig. 1(a) and
Fig. 1(b) represents the effect of RP 3.
Inner
(
Ksu(3)
)
=
〈
PR,P 2
〉
= Z2 n Z3 = S3. (2.39)
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The quotient
Outer
(
Ksu(3)
)
=
Aut(K)
Inner(K)
=
Dih6
S3
= Z2 = {1, σ} (2.40)
describes a mirror symmetry of the A2 = su(3) state, e ↔ e2. We further notice that the equivalence class
1 can be represented by any of the elements 1, P 2, P 4, PR, P 3R,P 5R, while the equivalence class σ can be
represented by R,P, P 3, P 5, P 2R,P 4R. However, if we further impose the constraint of charge conservation,
we must leave t = (1, 1) invariant, and thus we are restricted to the identity matrix for conjugacy class 1
and R for mirror σ.
For a general ADE state, Outer(K) = Z2 except for D4 = so(8), where Outer(Kso(8)) = S3 as explained
in the main text. Given any ADE state, it is always possible to find a charge conserving symmetry matrix
which realizes the symmetry. It has been already explicitly written down in the main text for the A2 = su(3)
and D4 = so(8) states. The charge conserving matrices that represent the mirror anyonic symmetries σ in
Table II for other simply-laced Lie algebras are listed in Eq. (2.41). There is no mirror anyonic symmetry
for E7 as its symmetry group Outer(K) is trivial.
σAr =

0 . . . 0 1
0 . . . 1 0
...
. . .
...
...
1 . . . 0 0

r×r
σDr =
 I 0
0 σx

r×r
,
σE6 =

0 0 0 0 1 0
0 0 0 1 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 1

. (2.41)
2.9.3 An example su(3)1
Now let us consider an example in particular: su(3)1. We have already seen explicit realization of the
automorphism group of su(3) in supplement 2.9.2. We now see the action of inner an outer automorphisms
on the roots and weights of su(3).
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The Cartan matrix of su(3) is K =
 2 −1
−1 2
.
A basis set for the root system is given by α1 = (2,−1) and α2 = (−1, 2). Hence, the roots obey
〈α1, α1〉 = 〈α2, α2〉 = 2; 〈α1, α2〉 = −1. (2.42)
These roots correspond to local particles. On the other hand the weights correspond to the anyon labels
e1 = (1, 0) and e2 = (0, 1). Now we explicitly examine the action of the inner and outer automorphisms on
the roots and the weights to reinforce the statements made above.
As shown in supplement 2.9.2, inner automorphisms are generated by PR,P 2 where P =
 0 −1
1 1
 , R =
 0 1
1 0
.
• Inner Automorphisms
The action of inner automorphisms are
PRα1 = −α1
PRα2 = α1 + α2
Using equation 2.42 〈αi, αj〉 = 〈PRαi, PRαj〉, [i, j] ∈ [1, 2]
PRe1 = e1 − α1
PRe2 = e2 (2.43)
P 2α1 = α2
P 2α2 = −α1 − α2 (2.44)
〈αi, αj〉 = 〈P 2αi, P 2αj〉, [i, j] ∈ [1, 2]
P 2e1 = e1 − α1 ≡ e1
P 2e2 = e2 − α1 − α2 ≡ e2. (2.45)
Thus we see that the inner automorphisms induce linear maps on the set of roots which preserve
the Cartan matrix. They act trivially on the weight space too, thus the weights (anyon labels) are
preserved up to local particles. Hence the inner automorphisms act trivially on the weight space(up
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to roots).
• Outer Automorphisms
The outer automorphisms act by
Pα1 = α1 + α2
Pα2 = −α1
〈αi, αj〉 = 〈Pαi, Pαj〉, [i, j] ∈ [1, 2]
Pe1 = e2
Pe2 = e1 − α1 (2.46)
Rα1 = α2
Rα2 = α1
〈αi, αj〉 = 〈Rαi, Rαj〉, [i, j] ∈ [1, 2]
Re1 = e2
Re2 = e1. (2.47)
Hence we see that while the linear transformations induced by the outer automorphisms preserve the Cartan
matrix they act nontrivially on the weight space (anyon labels) interchanging them.
2.9.4 Outer Automorphisms of Lie Algebras and anyonic symmetry
We provide some further details and references to elucidate the structure of the outer automorphisms of a
Lie Algebra and its relation to anyonic symmetry. This section is rather mathematical and is not necessary
to understand the rest of the paper.
Given a Lie algebra we have a set of generators g. An automorphism of a Lie algebra is a map ω : g→ g
which is linear and respects the structure of the Lie algebra, i.e. ω([x, y]) = [ω(x), ω(y)], x, y ∈ g. The set
of automorphisms Aut(g) form a group called the automorphism group of the Lie algebra. It has a normal
subgroup, denoted by Inn(g) which is generated by
exp (adx) : x ∈ g;
where adx : g→ g, adx(y) = [x, y], x, y ∈ g
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and is called the set of inner automorphisms.
Since Inn(g) is a normal subgroup of Aut(g) we can define the coset
Out(g) =
Aut(g)
Inn(g)
,
which is the group of outer automorphisms. It is a well known theorem in mathematics that Out(g) is
isomorphic to the automorphisms of the Dynkin diagram. The interested reader can look up the proofs in
proposition D.40 of Ref. [Fulton and Harris, 1991], Ch 11 of Ref. [Fuchs, 1995] or section 12.2, in particular
Table 1 of Ref. [Humphreys, 1972].This connection has been exploited in the main text to deduce the outer
automorphisms of the various Lie algebras and, as we discuss below, has motivated our definition of anyonic
symmetries.
The discussion henceforth will be limited to simply laced Lie algebras with symmetric Cartan matrices.
All the information about a Lie algebra is encoded in the Cartan matrix and the associated Dynkin diagram
(c.f. Figs. 2.2,2.4) of the Lie algebra. The number of nodes of the Dynkin diagram is equal to the rank of
the Lie algebra.
Let us consider a simply laced Lie algebra with rank r. In this case the weight lattice (the anyon lattice)
Γ∗ = Zr and the root lattice Γ = KZr where K is the Cartan matrix. The Cartan matrix induces an inner
product in the weight space
〈a,b〉 = aTK−1b a,b ∈ Zr.
A basis for the root lattice of the Lie algebra (i.e., the simple roots) is given by the vectors
αi = (Ki1,Ki2, · · · ,Kir), i ∈ [1, · · · , r].
In mathematics the components of αi are known as the Dynkin labels. In the normalization α
2
i = 2 the
Cartan matrix is Kij = 〈αi, αj〉. Thus, if ω ∈ Aut(g), 〈αi, αj〉 = 〈ωαi, ωαj〉 = Kij
Now we are in a position to motivate the definition of Aut(K) in equation (2.2). The automorphisms
induce a linear transformation in the space of roots such that the Cartan matrix is preserved. The transfor-
mation M can be interpreted simply as a basis change for the Cartan matrix. But since the Cartan matrix
stays invariant, we have defined the set of automorphisms Aut(K) =
{
M ∈ GL(r;Z) : MKMT = K} . The
fact that M ∈ GL(r;Z) just implies that this is a volume preserving basis transformation which preserves
the number of ground states det(K). The roots transforming among themselves indicate that local particles
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stay local.
Before we carry on, we note that the the automorphisms preserve the Dynkin diagrams and the Cartan
matrix. However, they induce rotations in the space of weights Zr. The anyons live in the weight space. Each
node of the Dynkin diagram can be associated with a corresponding fundamental weight. The i-th node will
have Dynkin label (0, · · · , 1, · · · , 0) with 1 in the i-th entry. Thus inner automorphisms act trivially in the
weight space, thus preserving the weight labels(up to roots) whereas outer automorphisms act non trivially
on the weight space rotating distinct weights (anyons) into each other. This can help one understand the
definition of inner automorphism in the context of anyons.
Inner(K) = {M0 ∈ Aut(K) : [M0a] = [a]} .
Since we are only interested in transformations which interchange weights we quotient out Inn(K) to get
Aut(K)
Inn(K) as the group of anyon symmetries.
2.9.5 Time Reversal Invariance(TRI) for bosonic topological theories (bulk
and edge)
i) General formulation
In this supplementary subsection we begin with a brief discussion of TRI for bosonic systems, without any
reference to the particular form of the K matrix or charge vector t. We follow the discussions in Refs. [Levin
and Stern, 2012, Lu and Vishwanath, 2012].
Let us consider the bulk CS Lagrangian
Lbulk = KIJ
4pi
µνλαIµ∂ναJλ − e
∗
2pi
tI
λµνAλ∂µαIν ,
I, J = 1, 2, · · · , N. (2.48)
We impose TRI on the system and study the implications on the bulk and the edge. Here we have assumed
that there are N U(1) gauge fields αI , thus the K matrix is N × N and the gauge group is U(1)N . The
system being bosonic, the diagonal entries of the K matrix must be even
KII = 0 mod 2.
Under the action of the anti-unitary time reversal operator T , the external electromagnetic gauge field
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A transforms as
A0 → A0
Ai → −Ai; i = 1, 2.
T acts on the internal CS gauge fields αI as
αIµ → ∓TIJαJµ (2.49)
where the − sign corresponds to the time index µ = 0 and the + sign corresponds to the spatial indices
µ = 1, 2. Here, T is an integer valued N ×N matrix which has to obey some constraints as outlined below.
When we impose TRI on Lbulk, and using equation (2.49), we find the requirement
TTKT = −K (2.50)
T t = t. (2.51)
For a bosonic system, T 2 = 1. Hence,
T 2 = 1. (2.52)
Next, let us consider the edge of the system in (2.48). The Lagrangian density is
Ledge = KIJ
4pi
∂xφI∂tφJ +
e∗
2pi
µνtI∂µφIAν+
forward scattering terms. (2.53)
Remembering that ∂µφ = αµ[Wen, 2004, Wen, 1995] and using equation (2.49), we get
T −1φIT = TIJφJ + CI , CI ∈ R.
Here CI is a constant which will be fixed later from physical considerations. For notational convenience and
to align our expressions with previous work, let us replace CI by pi
(
K−1
)
IJ
χJ , i.e.,
T −1φIT = TIJφJ + pi
(
K−1
)
IJ
χJ , χ ∈ RN . (2.54)
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χ is often referred to as the time reversal vector.
Physically χ determines the action of time reversal T on vertex operators ψa = eia·φ on the edge.
However, different χ’s are not necessarily physically distinct. In fact, they might be gauge equivalent to
each other. In order to understand this we start off by noting that Ledge is shift invariant in φ. Thus,
φ → φ + ξ leaves Ledge unchanged. This should come as no surprise as the gauge field αIµ is also left
unchanged by this redefinition. Indeed, αIµ = ∂µ(φI + ξI) = ∂µφI . But, φ→ φ+ ξ =⇒ eia·φ → eia·φeia·ξ.
Now we can consider the global U(1) gauge transformation on the edge associated with the shift invariance
of φ,
ψ˜a = ψaeia·ξ where ψa = eia·φ. (2.55)
With this we can see how ψ˜a and ψa transform under TR:
T −1ψaT =
[
ψ(T
T a)
]†
e−ipi(K
−1a)·χ (2.56)
=⇒ T −1ψ˜aT = T −1ψaeia·ξT
=
[
ψ(T
T a)
]†
e−ipi(K
−1a)·χe−ia·ξ. (2.57)
We define the time reversal vector χ˜ in the new gauge in terms of the action of T on ψ˜a, analogous to
equation (2.56).
T −1ψ˜aT =
[
ψ˜(T
T a)
]†
e−ipi(K
−1a)·χ˜. (2.58)
Combining equations (2.57),(2.58), we get
χ˜ = χ +
1
pi
K(1− T )ξ (mod 2) (2.59)
Thus we would say χ and χ˜ are gauge equivalent to each other.
The other constraint on χ is determined by the action of T on local operators ψlocal on the edge. Local
vertex operators are of the form, ψlocal = e
iλTKφ; λ ∈ ZN . Since the system under consideration is bosonic
T −2ψlocalT 2 = ψlocal.
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However, we also know that
T −2ψlocalT 2 = T −2eiλTKφT 2 = eiλTKφeipiλTχe−ipi(Tλ)T ·χ.
Since this must be true for all λ, we find the constraint
(
I− TT )χ = 0 mod 2. (2.60)
Equations (2.59),(2.60) are very important in the definition of χ and we will use them in the next section.
ii) Time reversal at the edge of bosonic fractional quantum spin Hall states
In the main text, we studied the edge of a bosonic fractional quantum spin Hall system with K matrix
Kσσ
′
2r×2r =
Kr×r 0
0 −Kr×r
, where σ = R,L =↑, ↓.
The charge vector for this system is tσ2r×1 =
tr×1
tr×1
.
A suitable value of T is
Tσσ
′
IJ = (σx)
σσ′δIJ =
 0 1r×r
1r×r 0
 (2.61)
It obeys T 2 = 1; TTKσσ
′
T = −Kσσ′ and T tσ = tσ.
Now, we need a time reversal vector χσ =
χ↑
χ↓
 which obeys (2.60).
(
I− TT )χσ = 0 mod 2 =⇒
 1 −1
−1 1

χ↑
χ↓
 = 0 mod 2
=⇒ χ↑ = χ↓ mod 2 (2.62)
The vector χ =
0
0
 trivially satisfies this condition.
Next, we claim that any valid time reversal vector χσ (which satisfies equation (2.62)) is gauge equivalent
to
0
0
.
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Using equation (2.59) an equivalent statement is
∃
ξ↑
ξ↓
 :
0
0
 =
χ↑
χ↓
+ 1
pi
K 0
0 −K

 1 −1
−1 1

ξ↑
ξ↓
 mod 2 ∣∣∣∣∣ ∀
χ↑
χ↓
 : χ↑ = χ↓ mod 2
This reduces to χ↑
χ↓
 = − 1
pi
K (ξ↑ − ξ↓)
K (ξ↑ − ξ↓)
 mod 2
A solution to this equation is some
ξ↑
ξ↓
 such that χ↑ = − 1piK(ξ↑−ξ↓). Since det(K) 6= 0 such a solution
exists. Furthermore, since χ↑ = χ↓ mod 2, χ↓ = − 1piK(ξ↑ − ξ↓) mod 2 is automatically satisfied.
In conclusion we have shown that for the purposes of bosonic fractional quantum spin Hall states we can fix
our gauge so that the time reversal vector χσ = 0, since all other choices of χσ are gauge equivalent to it.
Thus from now on we can and henceforth we will use the gauge in which
T −1φL/RI T = φR/LI . (2.63)
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Chapter 3
Twist defects and Non-Abelian Zero
Modes
3.1 Introduction and motivation
In the previous chapter, we have seen that some topologically ordered (TO) states have global anyonic sym-
metries (AS). In particular, we concentrated on Abelian theories for which we could express the symmetries
in terms of the symmetries of the K matrix.
In this chapter, we turn our attention to twist defects, defects associated with AS, that can be realized in
Abelian TO phases. There has been a huge amount of excitement in this field in the past decade, particularly
focussing on non-Abelian zero modes (NAZM) in such defects. [Kitaev, 2006, Bombin, 2010, Bombin, 2011,
Kitaev and Kong, 2012, Kong, 2014b, You and Wen, 2012, You et al., 2013, Barkeshli and Qi, 2012, Barkeshli
and Qi, 2014, Barkeshli et al., 2013c, Mesaros et al., 2013, Teo et al., 2014b, Teo et al., 2014a, Khan et al.,
2014, Levin, 2013, Teo, 2016, Barkeshli and Wen, 2010b, You et al., 2013, Mesaros et al., 2013, Petrova
et al., 2014].
In most succint terms, twist defects are semiclassical defects which act as static fluxes of the AS, and
hence permute the anyon labels (by an element of the anyonic symmetry group) as they encircle the defect,
c.f. Figure 3.1(a). In contrast to the anyons, twist defects are not dynamical excitations of a quantum
Hamiltonian (elevating them to deconfined excitations will be the subject of chapter 5). We have already
seen an example of a twist defect in the previous chapter in section 2.4, figure 2.3 when the twist defect at
the domain wall on the gapped interface mutated the anyon a to Ma.
Even though our first example of a twist defect involved an edge theory, we will see in this chapter that
the properties of the defects in question can be determined by the nature of the topological properties of
the bulk parent theory. (in particular the fusion structure) Predictably, often the structure of the defects
is uncovered from the edge properties too since a defect can be represented as a mass domain wall on a
corresponding gapped edge or a seam/interface that has been glued back together. A defect forms when the
edge or seam is gapped out in two distinct ways, hence leading to a domain wall with a possible NAZM.
This is precisely what we have seen in the previous chapter, equations (2.9),(2.11) and figure 2.3.
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For example, on the edge of the quantum spin Hall (QSH) insulator there exists a free, massless Dirac
fermion, and this can be gapped out via magnetic or superconductor proximity coupling. An interface
between the two gaps is exactly what was mentioned above, and the domain wall binds a Majorana Bound
state (MBS). Other TO phases might have more complicated edge CFTs and can allow for a variety of
gapping terms (if they form a non-chiral edge), or these CFTs combined with a time-reversed partner (say
at a seam or interface).
In this chapter, we will explore the twist defects in ADE series of bosonic FQHS that was introduced in
the previous chapter. Depending upon the parent state in question, we can have general parafermionic zero
modes.
Now, let us briefly motivate why we desire twist defects. Twist defects act to permute orbiting anyons
that exist in a parent TO state. The associated discrete permutation symmetry of the anyonic excitations
of the underlying TO phase is an element of the AS group. These permutations exchange different anyons,
but leave their fusion and statistical properties invariant. Interestingly, due to their unusual nature, a twist
defect traps a NAZM at its core, and indeed the MBS discussed above can be thought as sitting at the core
of a twist defect. Since it is usually the NAZM at the defect core that is of interest for Topological quantum
computation (TQC), it is important to be able to identify their fusion properties, e.g., their quantum
dimension. However, we again caution the reader that these NAZM are not truly deconfined excitations and
hence what is strictly accessible is projective non-Abelian statistics.
Non-Abelian excitations with quantum dimension > 1 are sought-after because of their potential for
decoherence free topological quantum computation (TQC) and non-local storage of quantum information
[Kitaev, 2003, Ogburn and Preskill, 1999, Preskill, 2004, Freedman et al., 2001, Wang, 2010, Nayak et al.,
2008, Stern and Lindner, 2013]. Early theoretical proposals of non-Abelian zero excitations include quasi-
particles in the 5/2 Pfaffian quantum Hall state, [Read and Moore, 1991, Read and Green, 2000, Greiter
et al., 1992, Stern et al., 2004, Nayak and Wilczek, 1996], parafermionic excitations in the Read-Rezayi
sequence [Read and Rezayi, 1999], half quantum vortices in p+ ip superconductors [Ivanov, 2001, Stone and
Chung, 2006], and the boundary modes of a one-dimensional p-wave superconducting wire [Kitaev, 2001].
While the verdict is still out on the presence of excitations in the aforementioned systems, the field has moved
on to realization of these non-Abelian excitations in engineered defects such as dislocations/domain walls in
parent topological (and some non-topological) phases. We should also mention that a number of proposals
involve superconducting heterostructures. We note that twist defects in TO fermionic superconducting
phases warrant a more careful discussion and this will be done in subsequent chapters.
Recently, a wide variety of general techniques have been developed to understand the nature of NAZM
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at twist defects, without resorting to arguments based on the edge CFT. [Teo et al., 2014b, Barkeshli et al.,
2013c, Khan et al., 2014]. In particular, a clear algorithm was developed:
TO media
AS group−−−−−−→ Twist defects Fusion category−−−−−−−−−−→ Quantum dimension of NAZM at defect.
In this diagram we begin with some TO phase and then identify the possible AS operations that permute
anyons. To each non-trivial permutation element there corresponds one twist defect. If the fusion structure
of fusing a twist defect with other defects (including ones similar to itself) can be calculated, then the details
of the NAZM core can be extracted. For example, if a twist defect fuses with its conjugate defect to give
two anyons, each with quantum dimension 1, then a single twist defect will carry a NAZM with quantum
dimension
√
2, i.e., a MBS.
Semiclassical twist defects are attached to physical branch cuts along which anyon quasiparticles get
permuted. The precise location of the twist defects and branch cuts depend on the microscopic details of the
system in question. For example, in Fig. 2.3, the twist defect resides at the domain wall separating the two
distinct gapping edges, and the gapped trench (denoted by the wavy blue line) plays the role of the branch
cut.
A recent review [Teo, 2016] has an in depth study of twist defects and discusses various mechanisms in
which they can be realized, as well as mathematical formulations about their properties. A way of realizing
twist defects of particular importance which we completely sidestep in this chapter, are situations in which
TO and lattice symmetries are interlinked, for example in rotor models or lattice spins. In such situations,
twist defects are realized at lattice dislocations and disclinations, [Bombin, 2010, Teo et al., 2014b, Barkeshli
and Qi, 2012, You and Wen, 2012] where translational/rotational symmetries are broken and the branch
cut is a line of lattice mismatch. Our treatment in this section will primarily focus on the effective theory
without worrying about the microscopic details (such as location of branch cuts).
3.2 Species of twist defects associated with an Anyonic
Symmetry
Let us consider a twist defect which acts on the anyon set A by an element M of the AS group. Thus, it
mutates orbiting anyons a→Ma by acting with M . It can be realized as in the previous chapter at a domain
wall between distinctly gapped interfaces. (see equations (2.9), (2.10), (2.11)). According to Eq. (2.11) a
twist defect µ can bind a QP λ (see Fig. 3.1(b)). A large number of properties of the twist defect can be
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(a) Twist defect µ with a branch cut emanat-
ing from it. A passing anyon a is mutated to
Ma according to an Anyonic Symmetry M .
(b) Self-consistency conditions which determine defect
species labels for an element M of the AS group and the
redundancy in defect qp. fusion.
Figure 3.1: (a) Action of a twist defect in accordance with AS M . (b) Defect qp. fusion and defect species.
uncovered using only these two pieces of information. Also, we will consider the general structure of twist
defects only in parent Abelian TO phases. In that scenario, for a r × r K matrix, a ∈ Zr will be described
by a r component vector of topological charges and M is an r × r matrix.
First, let us try to characterize the qps. λ attached to the twist defect µ. These qps can be detected by a
braiding measurement, but not all qp attachments give different measurements. Hence, qps. that cannot be
differentiated by braiding will be identified. Thus, the intuition that defect species labels are synonymous
with the full set of qps turns out to be incorrect.
The defect-qp composite is summarized by a defect species label σ where σ ≡ µ0 × λ, where µ0 is a bare
defect with no attached QP, × means fusion and λ ∈ A. Before we get into a formal definition about how
to calculate it, let us see an example.
Let us consider the Z2 AS symmetry e↔ e−1 for a Ar ≡ su(r+1)1 theory. (table 2.2) The anyon content
of Ar is generated by e, hence let us start out by dragging e around the defect. However, e must be dragged
twice around a defect before it can close in on itself, this corresponds to the double loop Θλe where λ is the
anyon string attached to the twist defect (see Fig. 3.2). This is often referred to in literature as a Wilson
double-loop measurement of the species label. However, it is easy to see that
Θλe
p
e = Θ
λ
e exp i
(
θe,ep + θe−1,ep
)
= Θλe (3.1)
Thus the e loop measurement cannot distinguish between any of the defect-qp composites.
But now we note that if r is odd, x = e
(r+1)
2 is invariant under the AS e ↔ e−1. Thus, we can perform
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a single loop measurement of the defect species, which we call Ωλx.
Ωλe
p
x = Ω
λ
x exp i (θx,ep) = Ω
λ
x exp(−ippi) (3.2)
The smallest value of p that leaves the loop invariant is p = 2. Hence, it can distinguish the parities of the
qp species. Thus, when r is odd, we have two species of twist defects distinguished by the parity of the qp.
attached. σ0 = µ0 and σ1 = µ0 × e.
However, if r is even,there is no distinguishing measurement and hence there is only one defect species
which is equivalent to the bare defect µ0.
Figure 3.2: Double loop Θλe measurement of the species label associated with e ↔ e−1 AS in the A series.
As we see in equation 3.1, this double loop does not distinguish between defect species label.
Now, we outline an algorithmic approach for distinguishing twist defect labels. If the parent phase is
Abelian, then the species labels for a twist defect corresponding to an AS M can be easily figured out using
simple consistency constraints which uncover redundancies in defect-qp fusion. For instance, as shown in
Fig. 3.1(b), when the qp λ is fusing with the defect µ it can emit a qp a that travels around the twist defect
and is re-absorbed after (possibly) changing its anyon type. If the twist defect does not transform a, then it
is simply re-absorbed without issue, however if a is transformed then a physical consistency condition must
be satisfied.
µ× λ = µ× (λ+ (M − 1)a) a ∈ A (3.3)
and the defect species labels are thus classified by equivalence classes σ = JaK ≡ [a] modulo (M − 1)A [Teo
et al., 2014a]. The allowed defect species are thus classified by the quotient group AM
σ ∈ AM ; AM = A
(M − 1)A (3.4)
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A very important fact to note is that from equation (3.4) the defect species is determined just by the fusion
structure of the parent Abelian topological phase.
3.3 Quantum dimension of a twist defect and multichannel
fusion
The previous section on species labels of twist defects naturally leads us into an examination of quantum
dimension. In fact, redundancy in defect species definition and quantum dimension > 1 are intricately
related. A heuristic way to see this is that if the emitted quasi-particle a is changed to Ma by the twist
defect, then the defect itself must be able to absorb the difference between a and Ma to give a physically
consistent result. As we will see, this means that the defects themselves can be thought of heuristically to
“contain” internal structure that increases their quantum dimension and allows them to compensate for this
emission-reabsorption process.
Figure 3.3: Fusion of conjugate defects leading to Abelian fusion channels. As we go farther away from the
twist defects ignoring the microscopic details, we just see the qp. strings terminating at the site of defect
fusion.
A quantum dimension larger than 1 is generally associated with multichannel fusion. To show this let us
consider Fig. 3.3, which involves the fusion of a defect associated with an anyonic symmetry operation M
with its conjugate defect M−1, so that the branch cuts can cancel each other. Although it is not explicitly
shown in the figure, we allow for the possibility of different species label on each defect. The fusion outcome
of a pair of conjugate defects must be a trivial defect in the sense that there is no qp permutation on an
anyon circling the pair of defects. However, the overall fusion outcome depends upon how qp strings are
hung between the defects, in effect, taking into account the defect species. Fig. 3.3 shows how the overall
open string contributes (1−M)A to the defect fusion pair. As we zoom further and further away from the
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defect pair and gradually ignore the details of the action of the defects on the encircling qps it seems as if the
a string comes and terminates at the defect. Thus, this represents an Abelian fusion channel outcome. To
determine the possible fusion outcomes when we fuse conjugate defects, we need to determine the distinct
quasiparticle strings that can be hung between the defect pair.
More generally,
µλ × µ−1λ′ = λλ′ ×
∑
a∈(1−M)A
a (3.5)
In particular, for the case of su(3), there is only one species of defect σ, which is equivalent to the bare
defect. Hence, we get σ × σ = (1 −M){1, e, e2} = {1, e2, e}. We can determine the quantum dimension
of the twist defect from the above equation, since the outcomes on the right hand side are all Abelian qps.
Hence, d2σ = 1 + 1 + 1 = 3, and dσ =
√
3.
In general, qps. in an Abelian state have quantum dimension 1 and hence defects corresponding to
the same element of the AS group (i.e. having the same action on orbiting qps.), but with different defect
species differ only by an Abelian qp. and hence have the same quantum dimension. We expect that conjugate
objects in a defect theory have the same quantum dimension. Thus, the defect species corresponding to the
element M of the AS group has quantum dimension
dM =
√
|(1−M)A| (3.6)
The fusion rules for defects in the ADE series are summarized in Table 3.2 and the quantum dimensions
can be found in Table 3.1.
Figure 3.4: Determining quantum dimension of two-fold defect in su(3) using the Wilson-loop algebra.
Further validation of the quantum dimensions can be obtained by considering the Wilson Loop algebra
associated with pairs of twist defects following [Teo et al., 2014b, Barkeshli et al., 2013c]. The fusion group
of su(3) is Z3 and is generated multiplicatively by e. We can find the quantum dimension by considering
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the non-commutativity of the red Wilson loops ( e goes around a defect pair unchanged) with the red-blue
Wilson loops (e changes to e2 on encountering a branch cut.) Figure 3.4 b). The resulting phase is just the
crossing phase of e with e2, e
2pii
3
WredWred-blue = e
2pii
3 Wred-blueWred (3.7)
The ground states form an irreducible representation of this algebra which in this case is 3 dimensional.
This is easily seen by diagonalizing one of the Wilson loops Wred, then Wred-blue act as ladder operators.
Wred|n〉 = e 2pini3 |n〉.
Wred-blue|n〉 = |n+ 1〉; mod 3; n = 0, 1, 2 (3.8)
Thus, the quantum dimension of σ is
√
3.
In the most general case, for 2n twist defects we have n−1 copies of the Algebra (3.7). Hence, as n→∞,
the quantum dimension is given by
lim
n→∞ dσ = 3
n−1
2n =
√
3.
3.4 Characterization of defects in the ADE bosonic quantum
Hall states
We can use the techniques illustrated above for determining the characteristics of the defects in the ADE
series, tabulated in Table 3.1. We have already seen for the Ar series that the non-redundant species label
only represents the parity of an ep qp bound to a twofold defect σ. However, the parity (i.e., even or oddness
of p) is only well defined only when the particular Ar has well defined even and odd qp sectors, i.e. when
there are even number of qps, i.e., when r is odd. Thus Ar, when r is even, only has one type of defect
species (equivalent to the bare defect), and when r is odd there are two types, an even and odd defect σ0
and σ1. As expected, we note that when r is even the defect internally harbors all of the distinct qps leading
to a quantum dimension of
√
r + 1 while for r odd the burden is shared between the two different defect
species which each carry
√
(r + 1)/2. For the D4 = so(8) state, while each twofold defect σe, σm, σψ comes
with two distinct species labels (e.g., (σe)0,1), there is no non-trivial species label for threefold defects ρ, ρ.
We notice that in the cases when charge is fractionalized (i.e. the Ar states for r odd, and Dr states for
r ≡ 2, 3 mod 4), the Z2 species label also counts the fractional electric charge in units of e∗/2 carried by the
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defect.
defects and species d
A2n σ = µ0 = µ0 × e
√
2n+ 1
A2n+1 σ0 = µ0 = µ0 × e2, σ1 = µ0 × e
√
n+ 1
D2n σ0 = µ0 × ψ, σ1 = µ0 × {e,m}
√
2
D2n+1 σ0 = µ0 = µ0 × e2, σ1 = µ0 × e
√
2
D4 ρ, ρ no defect species 2
(σψ)0 = (σψ)0 × ψ, (σψ)1 = (σψ)0 × e
√
2
(σe)0 = (σe)0 × e, (σe)1 = (σe)0 ×m
√
2
(σm)0 = (σm)0 ×m, (σm)1 = (σm)0 × ψ
√
2
E6 σ = µ0 = µ0 × e
√
3
Table 3.1: Defects and species for the A−D − E states, and their quantum dimensions d.
For the A2n+1 and D2n+1 states, the species labels can be summarized by the defect-quasiparticle fusion
σλ+p = σλ × ep
where λ+ p is defined mod 2; λ ∈ Z2 = {0, 1} (3.9)
For the D2n state,
σλ+1 = σλ × e = σλ ×m, σλ = σλ × ψ. (3.10)
Or for the D4 state, σψ obeys (3.10) and the other two twofold defects σe and σm follow (3.10) up to cyclic
permutation of quasiparticles, as expected by virtue of its S3 AS, Figure 3.5.
Figure 3.5: Illustration of the action of so(8) defects on qp. labels. The two-fold defects σe/m/ψ keep e/m/ψ
fixed, while exchanging the other two. The threefold defect ρ induces a cyclic permutation between the
defect labels.
Fusions of twofold defect pairs in the ADE states are summarized in Table 3.2. They fix the quantum
dimensions of defects (shown in Table 3.1) by identifying the total dimensions on both sides of the fusion
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equations or alternatively using equation (3.5). We see that fusion of two defects can give rise to a large
number of types of QPs, and these possible internal states of two defects are precisely the same structure
that allows them to compensate for the QP attachment emission-re-absorption constraint discussed above.
Fusion rules
A2n σ × σ = 1 + e+ . . .+ e2n
A2n+1 σ0 × σ0 = σ1 × σ1 = 1 + e2 + . . .+ e2n
σ0 × σ1 = e+ e3 + . . .+ e2n+1
D2n σ0 × σ0 = σ1 × σ1 = 1 + ψ
σ0 × σ1 = e+m
D2n+1 σ0 × σ0 = σ1 × σ1 = 1 + e2
σ0 × σ1 = e+ e3
E6 σ × σ = 1 + e+ e2
Table 3.2: Defect pair fusion in the A−D − E states.
There is more structure in the D4 = so(8) state due to the S3 triality symmetry. (σψ)λ × (σψ)λ′ obeys
the same fusion rules as the D2n states in Table 3.2, while the two other twofold defects σe, σm satisfy similar
rules up to a cyclic permutation of quasiparticles. The threefold defect ρ annihilates its anti-partner ρ and
gives
ρ× ρ = ρ× ρ = 1 + e+m+ ψ. (3.11)
This implies the quantum dimension dρ = dρ = 2 and the degenerate fusion of the pair
ρ× ρ = 2ρ, ρ× ρ = 2ρ. (3.12)
The non-Abelian symmetry group S3 results in non-commutative fusion rules
σm × σe = ρ, σe × σm = ρ (3.13)
σe × ρ = ρ× σm = (σψ)0 + (σψ)1. (3.14)
All other fusion rules can be written down by cyclic permutation of the quasiparticle labels e,m, ψ. It is
interesting to note here that anyon condensation induced transitions in topological field theories studied
in Ref. [Bais and Slingerland, 2009] also point out the possibility for (confined) excitations with non-
symmetric fusion rules. Though they do not give any explicit examples, it would be interesting to compare
the underlying mechanisms in future work.
Another interesting property of the D4 = so(8) is that the three-fold defects can be used to form a kind
of twist vortex defect. This defect can be thought of as a point where (at least) three distinct gap edge
60
phases meet at a point[Barkeshli et al., 2013a, Barkeshli et al., 2013b], whereas, until now we have only
considered point defects at the junction between two lines with different mass terms. We show an example
of this “vortex-like” defect in Fig. 3.6a.
(a) (b)
(c)
Figure 3.6: (a)Three ρ branch cuts emerging from the center to create a vortex-like defect (b) A quasiparticle
string e being absorbed by the defect configuration c)The quasiparticle labels for each loop are marked by
their respective colors. The intersections which give a phase of −1 upon exchange are marked by grey circles.
The intersection with a phase of 1 is marked by a solid black circle.
This defect is equivalent to the fusion of three ρ defects. The fusion of three ρ defects is also the same
as considering the fusion of ρ and 2ρ from (3.12). Combining Eqs. (3.12) and (3.11) we find
ρ× ρ× ρ = ρ× 2ρ = 2(1 + e+m+ ψ). (3.15)
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We can check this by matching the quantum dimensions: the quantum dimension of ρ is 2 and the quantum
dimensions of the Abelian particles on the right add up to the correct value. Furthermore, we see that the
defect configuration makes it possible to have a quasiparticle strings of all four types, i.e. 1, e,m, ψ, to be
absorbed by the defect. In Fig. 3.6(b) we show an example of an e particle being absorbed at the defect
site, similar configurations can also be drawn for m,ψ by permuting the particle labels. This explains the
existence of the different Abelian fusion channels.
We can also explain the factor of 2 in Eq. 3.15 by drawing extra Wilson loops which form an anti-
commuting algebra, thus explaining the doubling of the Hilbert space. This doubling already happens at
the fusion of two ρ defects as seen in Eq. 3.12. The extra structure already present for two ρ defects allows
us to draw additional Wilson loops which anticommute. This has been illustrated in Fig. 3.6(c). The key
point to note there is that the Wilson loops involve only two ρ defects. Each of the blue and green loops
exist independently and are separate Wilson lines. There are 4 intersections between the blue and green
loops, and since 2Seψ = 2Sem = −1 we pick up a phase of -1 three times (the grey dots) and Smm = 1(the
black dot) once. Thus we pick up a net phase of −1 when the two loops are exchanged. This explains the
doubling of the Hilbert space.
In conclusion, we have introduced the concept of twist defects associated with a given AS and have set
up the formalism to determine the non-Abelian quantum dimension and defect species associated with these
objects. We will use these ideas heavily in the following chapters. We studied topological point defects,
each associated with an AS operation, and exhaustively described the fusion behavior of all possible twist
defects in the ADE states. Although not shown explicitly in this article, the F -symbols for defect state
transformations should take a similar form to certain previously studied exactly solvable models in Refs. [Teo
et al., 2014b, Teo et al., 2014a]. These twist defects therefore form a consistent fusion category [Kitaev, 2006],
and are powerful enough to construct a measurement-only topological quantum computer [Bonderson et al.,
2008].
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Chapter 4
Twist defects in superconducting
heterostructures and the fermion
parity flip
4.1 Introduction and motivation
In the previous chapter, we analyzed the structure of twist defects in TO phases, however these phases were
intrinsically bosonic. The topic of the present chapter will be fermionic systems in contact with an s-wave
superconductor.
As discussed in chapter 3, even though there exist a number of proposals for systems which intrinsically
have non-Abelian excitations, experimental verification has remained elusive. Instead the field has moved to
realizing non-Abelian bound states in defects in parent Abelian phases. A large number of these proposals
involve proximity induced superconductivity in a parent Abelian fermionic state.
Beginning with the seminal work of Fu and Kane [Fu and Kane, 2008], there has been an intense
interest in understanding the properties of layered heterostructures of topological (and some non-topological)
fermionic phases and proximity-coupled superconductors.
In fact, one experimental realization of an effective 1D Kitaev p-wave wire has been proposed, and
experimentally sought-after, in spin-orbit coupled materials in proximity coupling to an s-wave supercon-
ductor. [Sau et al., 2010, Oreg et al., 2010, Mourik et al., 2012, Sato et al., 2009, Deng et al., 2012, Das et al.,
2012, Rokhinson et al., 2012, Chang et al., 2013b, Finck et al., 2013, Nadj-Perge et al., 2014]. Additionally,
in higher dimensions, one of the promising proposals is the ability to realize non-Abelian Majorana bound
states (MBS) localized on vortex defects in a superconductor placed on the surface of a 3D time-reversal
invariant topological insulator (TI) [Fu and Kane, 2008]. Such theories will be the subject of study in this
chapter.
Fu and Kane proposed that MBS could appear in a 2D quantum spin Hall insulator (QSH) at an edge
where a domain wall between superconductor and magnetic coatings is formed [Fu and Kane, 2009]. Knowing
this, it was natural to generalize these results to the study of proximity effects in other 2D interacting topo-
logical phases. Remarkably, several groups have predicted that similar domain walls in fractional quantum
Hall (FQHE)/Chern Insulator (FCI) states can trap generalized MBS (or parafermions) [Fendley, 2007, Frad-
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kin and Kadanoff, 1980] with a quantum dimension d =
√
2/ν that depends on the underlying topological
phase [Clarke et al., 2012, Lindner et al., 2012, Cheng, 2012, Vaezi, 2013]. As an example, if one takes a
ν = 1/3 Laughlin state as a starting point, then such domain-wall defects trap Z6 parafermions with d =
√
6.
The main results of this chapter rely on the generalization of these results to large classes of Abelian FQHE
states of fermions. In particular, we show that for all such FQHE states, proximity-induced non-Abelian zero
modes (NAZM) could be just an ordinary MBS (or a parafermion with smaller quantum dimension) instead
of a more exotic parafermionic mode. The outcome of which NAZM is stabilized depends on the details of the
interactions near the defect. Hence, even though one may optimistically hope for parafermions, non-universal
interactions might drive a MBS to be stabilized. This prediction is a consequence of a previously-ignored
anyonic symmetry transformation that exists in every superconducting Abelian topological phase with local
fermions. In addition to this experimentally motivated prediction, we also develop a theory that describes
the interplay between fermionic FQHE states and superconductivity (through its connection with fermion
parity symmetry).
Unfortunately, since FQHE states are strongly interacting systems, determining the nature of defect
bound states is challenging. Hence, in order to find the properties of superconducting proximity-induced
bound states, we will have to use a bit of an indirect method. The point of departure of our method when
compared with previous approaches is the realization that a bosonic vacuum is appropriate to the description
of a superconducting system. The problem is compounded by the fact that there exist h/2e flux vortices in
the superconductor which strictly speaking are not deconfined. We work around this problem by realizing
that the properties of the NAZM on the defects is only dependent on the qp fusion properties of the theory,
which are still well defined (unlike braiding), even when some qps are confined. Indeed, we can effectively
just consider the theory as having deconfined h/2e fluxes, subject to certain physical considerations which we
elaborate in Section 4.4.1. We show that this equivalent theory, obtained as a result of gauging Z2 fermion-
parity, has the same fusion structure as the parent theory, and hence we can use it to analyze defects in the
original system in a more convenient way using its AS structure. The process of consistently deconfining
h/2e fluxes occurs via gauging the fermion parity of the superconductor, and treating its effective theory as
a system with Z2 topological order analogous to the toric code[Hansson et al., 2004, Bonderson and Nayak,
2013, Clarke and Nayak, 2015].
When we consider the interplay between the new anyons in the extended theory (deconfined h/2e fluxes)
and those in the proximity coupled FQHE state we find a new AS connected to fermion parity, which directly
corresponds to a twist defect having a MBS. We also show that the general existence of a charge conjugation
anyonic symmetry predicts the existence of the usual parafermionic twist defects. Additionally we find that
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the composite operation of fermion parity flip and charge conjugation produces a new type of parafermionic
defect. In the end, our predictions only rely on features available in ordinary superconductors when coupled
to FQHE states, and not on the deconfinement of the h/2e fluxes. This is somewhat in the same spirit as
Refs. [Levin and Gu, 2012, Wang and Levin, 2014, Wang and Levin, 2015] where the authors gauge a global
symmetry to glean additional information about the un-gauged, symmetry-protected theory. Here we end
up gauging a symmetry to learn about hidden twist defect structure that still survives in the un-gauged
theory.
Fermionic FQH
gauge Z2−−−−−→ Extended bosonic TO AS−−→ Twist defects
We provide a more thorough way to treat the problem by considering the full AS in a system with topological
order augmented by a Z2 gauge theory sector coming from the superconductor ( but having the same fusion
algebra as the original system). In fact, ignoring this kind of extended TO due to the presence of the
s-wave superconductor obscures certain AS operations. In this article, we focus on a particular AS group
operation, the fermion parity flip, which is a generic anyonic symmetry in fermionic systems, similar to
charge conjugation. For FCI/Laughlin states, we also show how fermion parity flip can combine with charge
conjugation to give an unexpected NAZM. In short, we provide a unified approach to understanding twist
defects in layered superconductor/TO heterostructures.
In particular, we focus on layered heterostructures of a superconductor and an Abelian TO state with local
fermion excitations, e.g., the ν = 1/3 Laughlin state formed in a 2D electron gas or fractional Chern insulator.
The superconductor can harbor confined defects/excitations including vortices, Bogoliubov de-Gennes (BdG)
quasiparticles, and their composites. We determine the fusion structure of the anyon quasiparticles (qps) with
these confined objects, and show that it is identical to that of the original TO phase, but with its Z2 fermion
parity symmetry gauged (i.e., equivalent to the phase with deconfined h/2e fluxes of the superconductor).
Crucially, we note that the nature of twist defects in such heterostructures depends only on the fusion
structure (i.e., not braiding) of the qps (both confined and deconfined). Thus, even though we will often use
the fermion parity gauged theory for our description of the twist defects, the resulting properties hold true
in the original heterostructure with an ordinary (“un-gauged”) superconductor. Throughout our article we
develop the theory of these fermion-parity gauged systems and their extended TO. We give a field theoretic
description of this procedure and several examples relevant to spin singlet states, the Jain series at observed
filling fractions, and quantum Hall hierarchy states derived from ADE Lie algebras [Read, 1990, Frohlich
and Zee, 1991, Frohlich and Thiran, 1994, Frohlich et al., 1997, Cappelli et al., 1995].
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Given this theory with Z2-extended TO we can then apply the usual twist defect formalism to this new
theory. As mentioned, one of our main results is that we find that any fermionic Abelian TO state with
a superconductor proximity effect, has a fermion parity flip anyon relabeling symmetry. To our knowledge
this symmetry has been ignored to date. One manifestation of this symmetry is in terms of a new class of
twist defects which can host MBS. Alternatively, it might be combined with the existing charge conjugation
symmetry into a composite operation which in 1/(2n + 1) Laughlin states leads to Z2n+1 twist defects.
We place this result in the context of aforementioned previous work [Clarke et al., 2012, Lindner et al.,
2012, Cheng, 2012, Vaezi, 2013] where defects between superconducting and normal media in Laughlin
ν = 1/(2n + 1) states harbor Z4n+2 parafermions. We show that the parafermionic twist defects can also
be generally understood in our formalism, but using another AS: charge conjugation. Importantly, our
results imply that non-universal interaction terms near the defects can favor MBS or Z2n+1 defects over
the previously predicted Z4n+2 parafermions in the same heterostructure. In other words, they may favor
the fermion parity flip, or fermion parity flip ×charge conjugation over charge conjugation. We explicitly
construct examples of such interaction terms in the case of the ν = 1/3 state. We note that our results also
hold for Chern insulators, and even non-chiral TIs, even though they are not TO.
4.2 Laughlin State in Proximity to an s-wave Superconductor
In this section we provide an illustration of the main results using the simplest set of TO states, the one-
component Laughlin states. We will carry through the full program for these states as a helpful example to
keep in mind when reading through the more technical sections afterward. ( It will also serve as a reminder
that we can carry out the program without gauging fermion parity.)
Let us begin with the effective theory of either a FQHE 2DEG or fractional Chern insulator (FCI) (with
the same TO as the Laughlin FQH state) at filling ν = 12n+1 , described by the K-matrix K = 2n+ 1, and a
charge vector t = 1. Laughlin’s argument dictates that the fundamental quasiparticle excitation, which we
denote by E , is bound to an h/e flux, and hence carries an electric charge of e∗ = ν (in units of e) [Laughlin,
1981, Laughlin, 1983]. Its spin-exchange statistics are given by hE = ν/2, or equivalently a statistical angle
of δE = 2pihE = piν [Arovas et al., 1984], which in this case can be determined purely from Aharonov-Bohm
physics. An electron can be written as the composite of 2n + 1 E qps: ψ = E2n+1. Additionally, since we
are considering a TO state built from local fermions, all qps braid trivially around the electron.
Now let us add another component to our system by considering the Laughlin state placed in proximity
to an s-wave superconductor (s-SC), e.g., by depositing a superconductor on a 2DEG or FCI material. Since,
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for simplicity, we are only considering an s-wave superconductor one might worry about the effect of spin
polarization on the strength of the proximity effect. To combat this we must either consider something
like engineered domains with oppositely signed g-factors, as was recently exploited in Refs. [Clarke et al.,
2012] to allow for a proximity effect in a 2DEG Laughlin state, or consider an FCI where the Chern band
degrees of freedom are spin. In both cases an interface, or a pair of counter-propagating edge states, can be
designed such that it will contain the necessary degrees of freedom to support an s-wave proximity effect.
For simplicity we will usually consider the FCI case as shown in Fig. 4.1.
Heuristically, we can imagine that the presence of the superconductor leads to an effective additional
fractionalization as there are “smaller” fundamental excitations given by the h/2e vortex (henceforth referred
to as m), which carry a charge of only qm = e
∗/2 = ν/2 (modulo 2). The vortex m braids around the electron
ψ with a phase of −1, thus an electron is no longer a local particle and can be topologically distinguished from
the trivial vacuum by its braiding with m. Thus the vacuum consists of Cooper pairs of charge 2e, which
form the new local, and bosonic, particles. With this in mind, the full qp content of the combined systems
(modulo local Cooper pairs) is generated by m and given by 1(≡ m8n+4),m,m2 ≡ E ,m3, . . . ,m8n+3. The
Laughlin qp E ≡m2 and the electron ψ ≡m4n+2.
We now have a theory with a well-defined qp fusion group Z8n+4; ma ×mb = ma+b mod (8n+4), but we
have gotten a bit ahead of ourselves. In a real SC the h/2e vortices are not strictly deconfined excitations
and actually interact with each other, and thus do not have well defined exchange statistics. Hence, they
cannot serve as conventional anyons. However, the subset of qps generated by the h/e flux (E = m2)
Ea ≡m2a, a ∈ Z of the original Laughlin state are still deconfined with well defined exchange and braiding.
Additionally, fusion between the original qps and the vortices in the s-SC is also well-defined and, in fancier
terms, we have a partially braided fusion category. At this stage, we could consider gauging the Z2 fermion
parity symmetry that would allow for a deconfined m qp, along with the other anyons of the Z2 topological
order. In this case we would have a full braided fusion category and a new TO order would arise described
by the K-matrix Ksc = 8n+ 4. We will discuss it in more detail later.
Now, we search for permutations P of the full qp set A = {1(≡ m8n+4),m,m2, . . . ,m8n+3} such that
the map A → PA preserves the fusion algebra and the braiding statistics (of the deconfined particles). As
P preserves fusion, and A is generated by m alone, then P can be completely specified by its action on m.
Hence, without loss of generality, let Pm ≡mp; p ∈ Z+. Further, bijectivity of P (permutations are always
bijective) requires that p and 8n+ 4 are mutually prime, i.e., gcd(p, 8n+ 4)=1. Thus, p is odd.
Now, let us consider the constraints imposed in order to have invariance of the braiding statistics. We
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have δE = pi2n+1 , and under P we find δPE = p
2pi
2n+1 . We want to impose the constraint:
δE = δPE (mod) 2pi
=⇒ p2 = 1 (mod) 4n+ 2. Hence, p is odd.
=⇒ p2 = 1(mod) 16n+ 8 (4.1)
where the last line is the simplified form of the braiding invariance constraint.
We will give some examples of p satisfying this constraint below, but let us make some important
comments. Suppose that we were to treat m as a genuine deconfined qp with well defined exchange statistics.
Then using E = m2, the statistical phase of m is δm = piν/4 = pi8n+4 =⇒ hm = piν/8. This is consistent
with the Abelian topological state Ksc = 8n + 4 mentioned above, with charge vector tsc = 2 (charge of a
Cooper pair), and with the same fusion group Z8n+4 of our partially braided fusion theory. Importantly, we
see that the constraint (4.1) automatically ensures δm = δPm. Thus, m → mp with p obeying (4.1) is an
Anyonic Symmetry (AS) of the fully braided fusion category obtained by deconfining the h/2e flux vortices
as well. This means that the AS m→mp preserves the braiding of the qps (in both the original theory and
the new theory with h/2e deconfined).1
Let us mention one more important aside. The Gauss-Milgram formula [Fro¨hlich and Gabbiani, 1990,
Kitaev, 2006] relates the chiral central charge c− – a quantity that dictates the thermal Hall conductance –
to the statistics of the qps. Before adding the superconductor each Laughlin state has c− = 1. This same
relationship is also satisfied in the theory with the augmented TO if we include the full set of 8n+ 4 qps:
eipic−/4 =
∑
a
θa =
8n+3∑
j=0
ei
pi
4
j2
2n+1 = eipi/4 (4.2)
Thus, with gauged Z2 fermion parity symmetry, the SC-FCI has an extended bosonic TO which can be
described by a U(1)-Chern-Simons theory at level 4n+ 2 with Ksc = 8n+ 4. We also note that this theory
ensures that the electron ψ (qp vector 4n+2) always braids with a phase of −1 around m (qp. vector 1),
and the central charge of the edge theory is unmodified.
Now, let us consider some explicit solutions to Eq. (4.1). Remarkably, for three choices of p, eq. (4.1) is
always satisfied irrespective of n. They are p = 8n+3; m→m8n+3 ≡m−1, p = 4n+3; m→m4n+3 = m×ψ
and p = 4n + 1; m → m4n+1. Hence, these are quite general anyonic symmetries, and physically the first
1Actually the constraint δE = 22δm (mod 2pi) does not necessarily pin down δm = pi8n+4 . For instance, it could also be
δm =
(4n+3)pi
8n+4
. However, this ambiguity does not matter in the end because we can always reshuﬄe our m so that the new m
has δm =
pi
8n+4
. To see this, suppose there are two integers p1 and p2 so that p2i ≡ 1 mod 16n+ 8 and δE = 22δpi These two
integers are related by p1 ≡ p2(p1p2) and p2 ≡ p1(p1p2), and the multiplication by p1p2 is always an AS.
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two correspond to charge conjugation and the aforementioned fermion parity flip symmetry respectively. On
a general qp. ma, they translate to ma → m−a ≡ m8n+4−a and ma → ma × ψa = m(4n+3)a. The third
symmetry is a composition of fermion parity flip and charge conjugation as we explain below. On a general
qp. ma it acts as ma →m(4n+1)a
i) Charge conjugation ma → m−a is well-known and transmutes qps into quasiholes and vice-versa. ii)
On the other hand, the fermion parity flip symmetry corresponds to an even (odd) number of fermions
ψ = m4n+2 being pumped into a vortex with even (odd) vorticity. For example, the action of the symmetry
changes the local fermion parity of a single vortex m, and since ψ2 = 1, the same is true for any m2a+1
for integer a. Even-vorticity objects retain their fermion parity during such a process. Also, since adding a
fermion twice does nothing (modulo a Cooper pair) this symmetry generates a Z2 group. iii) A third AS
corresponds to a composition of these symmetries and is also always present in fermionic Laughlin states
and corresponds to p = 4n+ 1; m→m4n+1.
m
Fermion−−−−−→
Parity
m4n+3
Charge−−−−−−−−→
Conjugation
m−(4n+3) ≡m4n+1 (4.3)
In particular, for the Laughlin ν = 1/3 state with n = 1 the theory has 12 qps, all of which are generated
by m. These anyonic symmetries translate to i) m→m11 (charge conjugation), ii) m→m7(Fermion parity
flip), and iii) m→m5 (composition of conjugation and parity flip) respectively. Since all qps are generated
by m for the Laughlin series, one can determine the action of the AS on the rest of the qps from the relations
above.
For emphasis, we note that the arguments in this section are inescapable once one has proximity induced
superconductivity in the Laughlin state, also, we have not assumed that the vortices in the superconductor
are deconfined. Our results hinged only on the invariance of braiding statistics of the deconfined qps. of
the original Laughlin state and the fusion group (not braiding) of the extended TO, necessitated by the fact
that the electrons are no longer local (in the sense that they can be detected by braiding measurements with
m). The fermion parity gauged theory has identical fusion structure, also AS in both the theories lead to
the same constraint, equation (4.1)
We caution that for a general Laughlin state with arbitrary n there can be more anyonic symmetries
which obey equation (4.1) than these three mentioned above. These additional AS are not generic and must
be determined on a case by case basis.
As a representative example, we consider the case of a Laughlin state at filling 115 , this corresponds to
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the n = 7 case in the previous subsections. Consideration of anyonic symmetry obeying equation (4.1), leads
to a number of possibilities beyond the 3 general cases outlined above.
The full set of solutions are
m→ {m11, m19, m29, m31, m41, m49, m59}. (4.4)
In particular, m → m59, m → m31 and m → m29, correspond to charge conjugation, fermion parity flip
and their composition respectively.
4.2.1 Description of defects in Laughlin states
In this subsection, we will give a heuristic description of the twist defects corresponding to the AS operations
mentioned above. To develop intuition about the non-Abelian nature of twist defects in our context, consider
the geometry in Figure 4.1. A (blue) s-wave superconducting substrate lies beneath the (green) FCI layer.
Additionally, there is a trench hollowed out in the FCI layer with counter-propagating edge modes as shown
by the grey arrows. 2 One can include backscattering terms between the edges which correspond to tunneling
terms across the trench. The net effect of these terms is to gap out the edge modes, however, as we have
seen in detail in previous chapters these tunneling terms can permute the bulk anyon qps by the action of
an AS as they tunnel across the trench.
The two AS mentioned in the previous subsection, charge conjugation and fermion parity flip, are shown
in the diagram 4.1. The trench acts like a branch cut and the ends play the role of twist defect cores (shown
by the red stars).
We can argue for the quantum dimension of the NAZM on a twist defect core as follows. The charge Q
of the superconducting trench is defined modulo 2e. However, Q can change during a qp tunneling process.
First, let us suppose the edge couplings are such that the trench enacts the charge conjugation operation as
qps tunnel across. A single particle m tunnelling across the trench changes Q by 2qm = eν = e/(2n + 1)
(recall that m is the qp with the smallest charge in the system qm = eν/2 =
e
4n+2 ). Thus, it is possible for Q
to change in increments of e/(2n+ 1) mod 2e. This leads to a ground state degeneracy of 4n+ 2 labelled by
the different values of Q, 0, e2n+1 ,
2e
2n+1 , · · · , 2e.. The increase in ground state degeneracy can be attributed
to the presence of the two NAZM at the ends of the trench which are generalized Z4n+2 MBS/parafermion
twist defects with quantum dimension
√
4n+ 2.
On the other hand, we can let the edge couplings enact the fermion parity flip symmetry operation as
qps tunnel across. Now, however the charge of the trench can only change in increments of e. Thus, there
2We consider the FCI here for convenience so that we do not have to worry about spatial-dependent g-factors.
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Figure 4.1: Layered heterostructure of a Laughlin state and an s-wave superconductor. black supercon-
ducting substrate with green FCI layer. Counterpropagating edges on the substrate are shown by the blue
arrows. A flux vortex m orbiting around the twist defect (red stars) gets mutated by the anyon permutation
symmetry of the system. The two AS considered are shown schematically with the superconducting trench
behaving like a branch cut. MBS γ1 and γ2 at the edges of the trench which realizes fermion parity flip.
When, charge conjugation symmetry is realized the corresponding bound states α1/2 are parafermionic.
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are just 2 ground states of the system which are labelled by Q = 0, e. This implies the existence to two
NAZMs at the ends of the trench that are simply MBS with quantum dimension
√
2. To see this another
way, let us consider dragging m around one end of the trench.
As m morphs into m × ψ the ground state of the trench switches between the two degenerate sectors
and indicates a change in its local fermion parity. This transition on the trench is naturally accompanied by
a level crossing among the Caroli-de Gennes-Matricon bound states in the vortex core [Caroli et al., 1964].
If the pair of MBS and the quantum vortex are well isolated from all other low energy modes, their total
fermion parity (−1)F+Fvortex cannot change as tunneling of an electronic quasiparticle is thermodynamically
suppressed by the excitation energy gap. This can be verified from a simple analysis. Let us consider the two
MBS γ1 and γ2 located at the two ends of the trench. Together, they form a complex fermion c = γ1 + iγ2.
As the h/2e flux (m qp) is dragged around γ2, the phase of the superconducting order parameter (bilinear
in fermion operators) winds by 2pi, and hence the enclosed Majorana fermion picks up a phase of pi and
changes sign: γ2 → −γ2. The fermion c now gets conjugated c = γ1 + iγ2 → γ1− iγ2 = c†. Thus, the change
in fermion parity in the vortex is compensated by the switch in fermion parity encoded in the two MBS
twist defects at the ends of the trench iγ1γ2 → −iγaγ2. In fact, c→ c† encodes the change in total fermion
parity of the superconducting trench and just reflects the addition/removal of the electron from it, i.e., the
switch in the value of Q for the trench ground state.
Finally if the edge couplings decide to favour the composition of the two symmetries leading to m →
m4n+1 across the trench, then, as m travels across the charge Q changes by 4nqm =
2n
2n+1e mod 2e. Thus,
there are 2n+ 1 ground state sectors, labelled by 2n2n+1e,
4n
2n+1e, · · · , 2ne. We now associate this increase in
degeneracy to the presence of two NAZM with quantum dimension
√
2n+ 1 at the two ends of the trench.
Now that we have now completed a thorough discussion of the Laughlin states, we move on to the general
form of the theory beginning with gauging fermion parity and then AS in the resulting theory and their
associated twist defects. However, before any of that we take a brief interlude to show some of these effects
in numerical simulations for some non-interacting systems.
4.3 Fermion parity flip numerics in some non-interacting cases
Throughout this chapter we will deal with the consequences of AS in the extended TO induced in fermionic
Abelian theories by virtue of superconductivity using the language of an effective Chern Simons gauge
theory. While this is attractive because it is amenable to generalization, in this section we concentrate on
non-interacting systems for which we can write down explicit Hamiltonians. We will show numerically by
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bandstructure calculations a level crossing in the Caroli-de Gennes-Matricon energy states in the vortex and
corresponding fermion parity flip in some simple examples.
We first trace the conceptual origin of vortex fermion parity flip to the fermion parity pump in one-
dimensional (1D) p-wave superconductors [Kitaev, 2001]. Having established the parity flip argument in
1D and the associated energy level crossing, we explore vortex parity flip in two dimensions (2D) in some
instances which have been recently proposed as an exciting means of nucleating MBS.
As an explicit 1D example, the p-superconducting Kitaev wire represented by the lattice Hamiltonian [Ki-
taev, 2001]
H − µN =
∑
r
tc†rcr+1 − µc†rcr + ∆c†rc†r+1 + h.c. (4.5)
is topological and carries zero energy boundary MBS when the electron hopping strength |t| is bigger than
the chemical potential |µ|. The low energy states of a superconducting ring with two weak links, one at
r = 0 and the other at r = L/2, are labeled by the two local fermion parities (−1)F0 and (−1)FL/2 .
Figure 4.2: A Kitaev p-wave ring with two links. The superconducting order parameter on the bottom ring
is wound is wound from 0→ 2pi. This flips the fermion parity at both the links.
When the phase of the pairing ∆ = |∆|eiφ winds adiabatically by 2pi along a segment, say [0, L/2], there
is a level crossing at each of the links accompanied by a fermion being pumped from one link to the other
although there is superconducting pairing.
Towards generalizing the fermion parity pump argument to higher dimension, considering passing a
quantum flux vortex across a proximity induced superconducting nanowire described by Eq.(4.5). The
vortex brings spatial variation to the pairing phase ∆r = |∆|eiϕr , where ϕr is the polar angle of site r from
the vortex core. Figure 4.3 shows the level crossing of a 20-site system for t = |∆| = 2µ. When the flux
vortex crosses the nanowire, a Bogoliubov - de Gennes (BdG) state on the nanowire is brought down to zero
energy with a wavefunction localized at the point where the vortex intersects the wire. At the same time
the fermion parity of the MBS pair flips. This mimics the fermion parity pump because the pairing phase
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Figure 4.3: Level crossing of a proximity induced superconducting nanowire when a hc/2e flux vortex passes
across.
winds by 2pi within the nanowire segment enclosed by the vortex trajectory. After a cycle the bulk nanowire
is left with a fermionic excitation, which compensates for the parity flip of the MBS pair at the ends of the
wire.
As we have seen, fermion parity flips have a general topological origin. Their presence is guaranteed by
the change of sign of a single (or in general odd number of) MBS. In 2D, the BdG Hamiltonian H(k, θ, t)
that describes the bulk superconducting medium around the MBS varies adiabatically by the polar angle
θ centered at the MBS as a function of the adiabatic/temporal parameter t. The BdG Hamiltonian is
topologically equivalent to a massive Dirac model
H(k, θ, t) = kxΓx + kyΓy +mΠ(θ, t) +O(k
2) (4.6)
where Γx,Γy,Π(θ, t) are mutually anticommuting matrices and Γ
2
x = Γ
2
y = 1. The model (4.6) having
a slowly varying mass term unifies 2D fermion parity flip scenarios in different systems, two of which we
now present. The first is a proximity induced superconducting (SC) interface between a quantum spin
Hall insulator (QSH) [Kane and Mele, 2005a, Liu et al., 2008, Ko¨nig et al., 2007, Knez et al., 2014] and a
trivial normal insulator (NI). The presence of protected zero energy MBS [Fu and Kane, 2008] requires time
reversal (TR) breaking and can be facilitated by coating an (anti)ferromagnet (FM) along the interface (see
figure 4.4.
We take an 8-band square lattice model
H(r, t) = HQSH-NI(r)⊗ τz
+ ∆x(r, t)τx + ∆y(r, t)τy + h(r)µy (4.7)
HQSH-NI(r) = t(sin kxσx + sin kyσy)µx
+ [m(r) + (2− cos kx − cos ky)]µz (4.8)
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where σ, µ, and τ act on spin, orbital, and Nambu degrees of freedom, respectively. The Nambu basis is
chosen to be (c↑,µ, c↓,µ, c
†
↓,µ,−c†↑,µ) so that (4.7) has a particle-hole symmetry Ξ = σyτyK, for K the complex
conjugation operator. Eq.(4.8) describes the QSH-NI interface where the mass gap m(r) changes sign. We
assume strong SC proximity so that the induced pairing order ∆ = ∆x + i∆y is non-vanishing throughout
the system. The antiferromagnet couples strongly to a strip neighborhood of the interface (see figure 4.4)
where the FM order |h(r)| outweights the pairing |∆| but vanishes elsewhere.
The QSH-NI interface hosts a gapless 1D helical mode with opposite spins counter-propagating electrons.
The helical mode is unstable to TR or charge conservation breaking perturbations. Its removal by magnetic
field was seen in the earliest experiment of QSHI [Ko¨nig et al., 2007] and antiferromagnetic (FM) gapped
edge was achieved in a graphene QSH state [Young et al., 2014]. Moreover, induced SC in QSH edge has
been observed in HgCdTe quantum wells [Hart et al., 2014].
FM and SC are competing orders along the interface and a FM-SC domain wall – where |h| − |∆|
changes sign – bounds a protected zero energy MBS. A pair of MBS are therefore located at the ends of the
ferromagnet in figure 4.4(a). The superconducting QSH-NI interface – except being TR symmetric and can
only be realized holographically as the edge of a 2D system – can be treated as a Kitaev p-wave wire and
thus carries protected boundary MBS. When a hc/2e flux vortex passes across the superconducting QSH-NI
interface, it is akin to traveling across a Kitaev p-SC where there is a single protected level-crossing among
the vortex states. This signals a vortex parity flip as the vortex is excited with one extra fermion after a
cycle.
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Figure 4.4: Numerical result on a 32 × 32 periodic lattice. A single level crossing when the vortex orbits
the superducting quantum spin Hall-normal insulator-ferromagnet interface. Figures b) and c) show the
magnitude of the probability associated with the wave functions of the zero mode and vortex respectively.
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We have numerically verified the vortex parity flip phenomenon via its signature level crossing by putting
the model (4.7) on a periodic 32×32 square lattice (see figure 4.4(a)). The QSH-NI interface is located along
the diagonal line and the four sides, which are sandwiched between the upper and lower triangular regions
with opposite insulating mass m. We choose the hopping t = m, a uniform pairing strength |∆| = 0.5m and
the antiferrormagnetic coupling h = 0.8m on a strip over half of the QSH-NI interface. To avoid monopole
effects, we arrange a vortex and an anti-vortex with opposite flux, depicted by ⊗ and  in figure 4.4(a).
The vortices bring spatial and temporal variation to the SC pairing ∆(r, t) = |∆|eiϕ(r,t), for
eiϕ(r,t) =
(z − w1(t))(z − w2)
|(z − w1(t))(z − w2)| (4.9)
where z = x + iy is the complex coordinates for lattice point r = (x, y), and wl = xl + iyl are complex
positions for the two vortex cores for l = 1, 2. The temporal dependence of (4.9) comes from the circular
motion of the first vortex as it orbits around a MBS when t goes from 0 to 2pi. The second vortex is kept
stationary. The corresponding matrices in (4.6) in this system are
Γx = σxµxτz; Γy = σyµxτz;
Π(θ(t)) = mµzτz + ∆xτx + ∆yτy + hµy (4.10)
Here, ∆ = ∆x + i∆y = |∆|eiϕ is determined by (4.9) where w1(t) = |w1|eiθ(t). Figure 4.4(a) shows a level-
crossing of vortex states and confirms the fermion parity flip. At the crossing, a unit of fermion is pumped
between the vortex and the MBS pair. Unlike the p-wave wire case (see figure 4.3) where the fermionic
excitation is confined along the wire, here the excitation stays localized at the vortex as it moves away from
the QSHI-NI interface until it is brought to the bulk bands and hybridizes with the rest of the system.
As another instance, vortex parity flip can also occur on proximity induced superconducting Chern
insulators (CI) [Thouless et al., 1982, Haldane, 1988, Chang et al., 2013a] shown in figure 4.5. It can be
described by the 4-band BdG Hamitlonian on a square lattice
H =t(sin kxσx + sin kyσy)τz (4.11)
+ [m+ (2− cos kx − cos ky)]σz + ∆xτx + ∆yτy
where σ, τ again act on spin and Nambu degrees of freedom similar to the previous case (4.7). Without the
SC pairing, (4.11) describes an insulator with Chern number 1 when −2 < m < 0. The σz term is a TR
breaking Zeeman coupling that competes with the induced s-wave pairing. We assume the pairing |∆| is
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weaker than the insulating mass |m| so that the 2D system is not in the chiral p+ip phase [Qi et al., 2010] and
a full quantum vortex does not hold a zero energy MBS. The consequence of the bulk Chern invariant is that
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Figure 4.5: Numerical result on a 32 × 32 periodic lattice. A single level crossing when the vortex orbits
the end of the superconducting trench on the Chern insulator. Figures b) and c) show the magnitude of
the probability associated with the wave functions of the Majorana zero mode pair and vortex state at the
crossing.
the CI carries a gapless chiral edge mode that propagates in a single direction [Thouless et al., 1982, Haldane,
1988]. When two uncoupled CI’s with the same chirality are juxtaposed side by side, the interface bounds
a pair of counter-propagating electron channels with opposite spins ψR↑, ψL↓. This gapless helical interface
can be gapped out by TR breaking backscattering mψ†R↑ψL↓ or U(1) breaking pairing ∆ψ
†
R↑ψ
†
L↓ between the
two boundaries. These orders compete and a domain wall, where |m| − |∆| changes sign, traps a protected
zero energy MBS. This can be realized by inserting a single-layer thick strongly superconducting trench in
the 2D system, where |∆trench| > |m| (see figure 4.5(a)). We again identify the matrices corresponding to
(4.6) by
Γx = σxτz; Γy = σyτz; Π = mσz + ∆xτx + ∆yτy (4.12)
As with the superconducting QSH-NI interface considered above, the SC trench in a CI behaves like the
1D Kitaev p-wire and flips the fermion parity of a passing quantum vortex. We numerically verify this by
putting the SC-CI model (4.11) on a 32 × 32 periodic lattice. Similar to the previous case, we arrange a
vortex anti-vortex pair and consider a circular vortex trajectory around the end of the SC trench where a
MBS sits. The pairing phase ∆(r, t) = ∆x + i∆y = |∆|eiϕ(r,t) is also given by (4.9). Figure 4.5(b) shows
the adiabatic evolution of energies throughout the cycle. States between ±|m−∆| are vortex states and are
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localized at the two vortex cores. There is a single level-crossing signifying the parity flip of the vortex as
it travels across the SC trench. Figure 4.5(b) and (c) shows the localized wavefunctions of the zero energy
MBS pair and the vortex state near the crossing respectively. The SC-CI setup is even more prefarable
than the previous cases in demonstrating the vortex parity flip. Unlike the SC QSH-NI interface, the vortex
excitation here stays localized at the vortex core throughout the evolution and never hybridizes with the
bulk. This means that in the absence of accidental fermion poisoning, the vortex would carry a different
electric charge after a complete cycle.
This non-interacting case which we could study explicitly shows us a way to understand the fermion
parity flip AS. We can actually see signatures of the parity flip in terms of level crossings of the vortex
states.
4.4 Gauging the fermion parity of an Abelian TO state
Returning to strongly interacting systems, in the particular case of the Laughlin state we have seen an
important pattern:
i) A Laughlin state in proximity to an s-wave superconductor has the same fusion structure as the more
exotic system with extended TO where the fermion parity is gauged and the h/2e flux vortices are
deconfined.
ii) The twist defects associated to an anyonic symmetry of the fermion parity gauged theory can also exist
in the original proximity-coupled Laughlin state system.
Interestingly, this pattern applies for general Abelian states built from local electrons.To show this, we will
first develop the effective topological field theory for a fermion parity gauged Abelian TO state. Similar
analysis has been done to couple a fermionic state to a Z2 gauge field to obtain a bosonic theory [You
et al., 2015], and in classifying symmetry enriched phases [Lu and Vishwanath, 2016]. After we have the
effective theory for the gauged TO system, we will analyze it to determine the AS and corresponding twist
defects that can appear in the ungauged theory, and hence are relevant for experimental realizations of
superconductor-TO heterostructures.
A general Abelian TO state is described by the bulk Chern Simons action
Lbulk = KIJ
4pi
µνλαIµ∂ναJλ − 1
2pi
tI
λµνAλ∂µαIν ,
I, J = 1, 2, · · · , N. (4.13)
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Here, t is the charge vector which determines how the external electromagnetic gauge field A couples to the
gauge fields αI .
If we treat the s-SC as being TO [Hansson et al., 2004, Bonderson and Nayak, 2013], then the h/2e
vortex m is deconfined. This represents the deconfined phase of a Z2 gauge theory, and there are four
distinct qp sectors: 1 (the superconducting vacuum condensate), m (the bosonic h/2e vortex), ψ (the
fermionic Bogoliubov-de Gennes quasiparticle), and e an excited Caroli-de Gennes-Matricon vortex state,
e = m×ψ. The TO is identical to the toric code model [Kitaev, 2003], and is captured by a two-component
Chern-Simons theory with K matrix Ks-sc = 2σx in the basis (a, b)
T of U(1) gauge fields. The corresponding
topological part of the action takes the form
Ls-sc = 1
pi
µνλa
µ∂νbλ (4.14)
and m and e carry unit charge under b and a respectively. In this basis of gauge fields, the charges carried
by e,m, ψ are (1, 0), (0, 1), and (1, 1) respectively. By itself, this TO carries an electric-magnetic anyonic
symmetry, e ↔ m. It effectively interchanges fluxes with opposite fermion parities, while keeping the BdG
fermion ψ invariant. This permutation of the qp sectors leaves the topological information–the spin and
braiding statistics–unchanged and, hence is an AS of the theory.
Now we can put the two pieces together to find:
Lsc = KIJ
4pi
αI ∧ dαJ − tI
2pi
a ∧ dαI + 1
pi
a ∧ db (4.15)
where A has now been replaced by the dynamical U(1) gauge field a, since we are treating the s-SC as
having dynamical gauge fluctuations. Integrating out a leads to the constraint (neglecting large gauge
transformations)
2b = tIαI . (4.16)
This constraint encodes the interplay between the superconducting flux and the quantum Hall effect; in
particular, it is just an alternative statement of E = m2. To see this we note that m2 carries a charge of 2
under b, while the h/e flux E is described by the charge vector t in the basis of gauge fields α. Hence, we
see that the effective Lagrangian of the fermion parity gauged theory has precisely captured the fusion rule
E = m2 that we expect to hold true for any Abelian TO system.
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Fusion for the fermion parity gauged theory is hence just the original fusion theory of Eq. 4.13 augmented
by the fusion rule E = m2. Thus, the fusion structures for both the fermion parity gauged system (which is
fully braided) and the original system plus the inclusion of the semiclassical h/2e fluxes (partially braided),
are identical.
Thus, the main result of this Section is that the effective theory is obtained via Eq. 4.15 with the
constraint Eq. 4.16. Alternatively, the emergence of this new theory can be understood using ideas of stable
equivalence as we show in supplement 4.11.1.
At this point, some comments are in order. One may conjure up other ways to get MBS in FCI su-
perconducting heterostructures without gauging fermion parity. For example, let us consider the edge of a
Fractional Quantum spin Hall insulator (FQSHI) [Levin and Stern, 2012]. Using stable equivalence [Cano
et al., 2014], we can add counterpropagating ν = 1 modes at the edge which do not change the TO in the
bulk but can trigger an edge phase transition. Now, we can gap out the edges of FQSHI trivially, but create
a domain wall in the counterpropagating ν = 1 modes which supports a MBS. The MBS in our result is
very different, our approach proceeds by examining the enlarged TO due to superconductivity and analyz-
ing twist defects in this enlarged theory. A definitive evidence of the distinction of our approach to that
outlined above is how fermion parity flip combines with existing symmetries, for example charge conjugation
in Laughlin 1/2n + 1 states to give defects with quantum dimension
√
2n+ 1 which is absent in the above
stated procedure. Other unexpected AS in specific examples, see equation (4.4) may also crop up which will
not be captured by just appealing to stable equivalence and ignoring h/2e flux vortices.
Let us now comment on a number of properties that our fermion parity gauged theory obeys in the
following subsection.
4.4.1 General Properties of the Gauged Theory
Let us consider a state at filling ν. By Laughlin’s argument, the h/e flux E has charge qE = ν and statistical
angle δE = piν. As our contraint implies, m2 = E in general, and we have qm = ν/2 and δm = piν/4. Also,
the electron ψ should naturally obtain a -1 statistical phase when it braids around an m.
Now let us consider the particle content of the gauged theory. All qps in the original Abelian theory have
quantum dimension d = 1 by definition. Since the new qps in the fermion parity gauged theory are formed
by fusion of m with the original excitations, then all qps in the new theory also have d = 1, and hence the
TO will be Abelian. Using general results from Refs. [Barkeshli et al., 2014, Teo et al., 2015] which relate
the total quantum dimension of a system before and after a discrete symmetry is gauged we should have
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that
Dgauged = D0|G| (4.17)
where D denotes the total quantum dimension of the topological phase determined as D = √∑i d2i , D0
denotes the quantum dimension of the original theory, and |G| is the order of the discrete symmetry group
being gauged. For our case |Z2| = 2 and d = 1 for all qps in the original as well as the gauged theory. Hence,
using Eq. (4.17)
DSC = 2D0
di = 1∀i =⇒ |ASC| = 4|A0| (4.18)
where A is the set of topologically distinct qps in the theory. Thus, the total number of quasiparticles always
increases 4 fold. In fact, we already saw this for the Laughlin state in the previous section where the number
of qps increased from 2n+ 1 to 8n+ 4.
Also, we should find that during the gauging process the chiral central charge c− which determines the
number of chiral edge modes in the system should not change.
In summary,
eiθψ,m = −1; qm = ν/2
δm = piν/4; |ASC| = 4|A0|
c− = c−,SC (4.19)
Let us see how these considerations hold for the Laughlin states.
4.4.2 Laughlin States
Laughlin states at filling ν = 12n+1 have the action
L = 2n+ 1
4pi
µνλαµ∂ναλ − 1
2pi
µνλAµ∂ναλ
before coupling to the s-SC. Here K = 2n + 1 and the charge vector t = 1. When gauging the fermion
parity symmetry we need to find the solution to Eq. (4.16). In this 1 component case this is simply 2b = α.
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Re-expressing the theory in terms of b yields
L = 8n+ 4
4pi
µνλbµ∂νbλ.
Thus the new state is characterized by Ksc = 8n + 4. Using 2b = α, we effectively have tsc = 2. The
presence of the superconductor implies that charges are conserved modulo 2. Hence, the charge vector tsc is
also defined modulo 2 and the topological properties of the qps are invariant under the addition of a charge
2e Cooper pair.
This theory satisfies all the constraints in 4.4.1:
δm = pi/(8n+ 4) = piν/4
c− = 1 (chiral central charge is preserved).
Note that our procedure is not just the trivial sum of a toric code and a topologically ordered state. If
that were so, the resulting state would have the anyonic fusion group Z2n+1 × Z2 × Z2, in contrast we get
the result Z8n+4.
4.5 Gauging fermion parity in some multicomponent FQH states
at experimentally observed fractions
4.5.1 Hierarchy states
Abelian quantum hall states at a large number of observed filling fractions ν can be described using hierarchy
schemes [Haldane, 1983, Halperin, 1984, Jain, 1989]. The general form of the K-matrix and charge vector
of an electronic hierarchy state in the Haldane-Halperin description takes the form
K11 = 1 mod 2; Kii = 0 mod 2; i > 1
tT = (1, 0, · · · , 0). (4.20)
The electron ψ and h/e flux E are given by the vectors Kt and t respectively (this choice ensures that the
h/e flux quantum E has a charge of ν and statistical angle piν).
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The constraint, equation from our gauging procedure (Eq. (4.16)) translates to
2b = tIαI = α1. (4.21)
This implies that the bulk Lagrangian can be written as
L = 1
4pi
(Ksc)IJ α
′
I ∧ dα′J
α′I = αI , (I > 1); 2α
′
1 = α1
Ksc = WKW
T ; W = δij + δi1δj1; α = Wα
′
W = diag(2, 1, 1, · · · , 1). (4.22)
Using Sylvester’s law of inertia, we see that since W is invertible, the chirality of the system (n+−n−), i.e.,
the difference between the positive and negative eigenvalues of K, is preserved under the gauging process.
Hence, the chiral central charge c− is preserved as expected.
The number of quasiparticles in the system is given by det(K). Since, det(W ) = 2 and Ksc = WKW
T ,
det(Ksc) = 4 det(K). Thus, as expected from Eq. (4.18), and the fact that the resulting theory is Abelian,
the number of qps have increased by a factor of 4. The new charge vector (of the now local bosonic state), is
tsc = W t
tsc = (2, 0, · · · , 0)T . (4.23)
Following Haldane [Haldane, 1995], we rewrite the K matrix of the fermionic FQHE as K =
k0 kT
k K0
,
where K is an N × N matrix, k is an N − 1 dimensional column vector, and K0 is an (N − 1) × (N − 1)
matrix. The charge vector t takes the form (t0, 0, · · · , 0)T . Hence for the gauged system we have
Ksc = WKW
T =
4k0 2kT
2k K0
 ;
tsc = W t = (2t0, 0, · · · , 0)T . (4.24)
In the new basis α′, the electron vector is WKt, and m is (1, 0, · · · , 0)T , i.e., m has unit charge under
b ≡ α′1.
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We can also check for the requisite properties of m and the electron:
θψ,m = 2pil
T
ψK
−1
sc lm = 2pi(WKt)
T (WKWT )−1t
= 2pitTW−1t
= 2pi
1
2
= pi
qm = (W t)
T (WKWT )−1t = tTK−1W−1t
=
tTK−1t
2
= ν/2
δm = pit
T (WKWT )−1t = pi(W−1t)TK−1W−1t
=pi
tK−1t
4
= piν/4
where la is the qp vector for the qp a. From this we see that our physical expectations about the gauged
theory, as outlined in Sec. 4.4.1, are satisfied.
For an explicit example, consider the ν = 2/5 state described by the K matrix and charge vector
K =
 3 −1
−1 2
 ; t =
1
0
 . (4.25)
Placing it in contact with an s-wave superconductor and gauging the fermion parity we find an emergent
state described by
Ksc =
 12 −2
−2 2
 ; tsc =
2
0
 . (4.26)
The anyon fusion structure is better elucidated after a basis transformation,(c.f. Eq. (1.17))
Ksc →W ′KscW ′T =
 10 0
0 2
 ; tsc →W ′tsc =
2
0
 ;
W ′ =
 1 1
0 1
 . (4.27)
From this we see that the fusion structure is clearly Z10 × Z2.
The Z2 sector is neutral and the charged Z10 sector is generated by the m quasiparticle with qm = e/5.
The original fermionic state had another e/5 qp to begin with (denoted by a) with δ = 3pi/5. The neutral
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sector is generated by the composite qp a−m which has trivial statistics with m (i.e., the neutral qp made
from a fused with the anti-particle of m).
4.5.2 Spin singlet state at ν = 2/3
The spin singlet state at filling 2/3 is described by
K =
1 2
2 1
 ; t = (1, 1). (4.28)
The qp fusion group is Z3, and is generated by the quasiparticle (1, 0)T with charge e/3 and statistical angle
δ = 2pi/3. This state was considered in the interesting paper Ref. [Clarke et al., 2014] in the context of twist
defects.
The application of Eq. (4.16) leads to
2b = α1 + α2. (4.29)
It is not immediately clear how to simultaneously solve this constraint and obey the physical conditions in
Sec. 4.4.1. To do so we note that m does not distinguish between spin up and spin down species as far as
braiding is concerned, as both carry a Z2 fermion parity charge 1. Now we implement a basis transformation
Eq. (1.17) which separates the system into a sector that is charged under fermion parity and another sector
which is neutral:
K →WKWT =
 1 1
1 −2
 ;t→W t = (1, 0)T ;
W =
 0 1
1 −1
 . (4.30)
In this representation, the new superconducting state can be easily written down using our hierarchy state
prescription:
Ksc =
 4 2
2 −2
 ; tsc = (2, 0)T . (4.31)
By a basis transformation, as in Eq. (4.27), it can be shown that its fusion is Z6 × Z2.
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4.5.3 3/7 Jain state
The Jain state at ν = 3/7 can be expressed using
K =

3 2 2
2 3 2
2 2 3
 ; t =

1
1
1
 .
(4.32)
To consider the emergent state in proximity contact with an s-wave superconductor after gauging fermion
parity, we perform a basis change into sectors which are fermion parity charged and neutral
K →WKWT =

3 −1 0
−1 2 −1
0 −1 2
 ; t→W t =

1
0
0

W =

0 0 1
0 1 −1
1 −1 0
 . (4.33)
Now, following our prescription for gauging fermion parity for hierarchy states we can write down the effective
state easily
Ksc =

12 −2 0
−2 2 −1
0 −1 2
 ; tsc =

2
0
0
 . (4.34)
4.6 Fermion parity flip anyonic symmetry in a general abelian
state
Previously we have seen that the topologically ordered phase of the s-SC when fermion parity is gauged has
an electromagnetic AS m ↔ m × ψ = e. A more general version of this symmetry, which connects qps
having different fermion parity, exists in a general fermionic TO state in contact with an s-SC. We will now
demonstrate this.
For convenience let us define the vorticity of a qp x as the charge of x under the gauge field b. Thus, m
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has a charge of 1, the h/e flux has a charge of 2, and so on. We will denote a qp x with vorticity p as xp.
Physically, the vorticity just counts the number of m excitations in the qp. The general definition of the
fermion parity flip anyonic symmetry is
xp → xp × ψp. (4.35)
In particular, m→m× ψ, and since ψ2 ≡ 1, i.e., the vacuum then
xp →xp for even p
xp →xp × ψ for odd p. (4.36)
To show this is an AS we need to analyze the braiding phases, which we will do using the ribbon formula
[Kitaev, 2006].
eiδz = = = eiθ
z
xyeiδxeiδy (4.37)
where eiθ
z
xy is the gauge-independent (2pi) monodromy phase between x and y with a fixed overall fusion
channel z and δz is the exchange phase of qp z. Indeed, we will show that the modular S and T matrices
are left invariant under fermion parity flip symmetry in Eq. 4.36. The S matrix can be written as
Sx,y =
1
D
∑
z
Nzxy
eiδz
eiδxeiδy
dz (4.38)
where Nzxy is defined by the fusion rule x× y = Nzxyz. For Abelian phases dz = 1 and Nzxy = 1 only when
z = x× y, otherwise it is 0. Thus for an Abelian system this simplifies to
Sx,y =
1
D
eiδxy
eiδxeiδy
. (4.39)
To reduce clutter we will assume x has vorticity p and y has vorticity q without explicitly indicating
them via subscripts. We note that vorticity is additive under fusion and in the expressions below, θa,b is
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the braiding phase of qp a around b. Under the fermion parity flip symmetry
eiδPx = eiδxψp = eiδx(−1)peiθx,ψp
(As x has vorticity p) eiθx,ψp = eiθmp,ψp = (−1)p2 = (−1)p
=⇒ eiδPx = eiδx(−1)p(−1)p = eiδx . (4.40)
Thus the exchange statistics and hence the T matrix is preserved. Proving invariance of braiding is now
straightforward:
SPx,Py =
1
D
eiδPxPy
eiδPxeiδPy
(∵ P respects fusion) = 1D
eiδP(xy)
eiδPxeiδPy
=
1
D
eiδxy
eiδxeiδy
. (4.41)
Thus, under very general conditions we have shown that our fermion parity flip symmetry is an AS. This
is one of the primary results of this chapter. Now that we have such a symmetry we will try to see how it
combines with other AS already present in the system and use it to generate possible twist defects.
4.7 Realizing fermion parity flip AS in a Laughlin 1/3 state at a
gapped interface
In chapter 2 in the conclusions, we have indicated that given an AS, realizing it at a gapped interface
as outlined in section 2.4 is not always possible without extending the K matrix and appealing to stable
equivalence 1.4. In this section, we see how this plays out for the realization of fermion parity flip in the
Laughlin 1/3 state with gauged fermion parity described by the K matrix 12. We have also discussed that
this theory has 3 AS m → m5,m7, or m11 respectively. Realizing the AS as an isometry of the K matrix,
would require us to find a matrix M
MKMT = K; a→Ma (4.42)
Then we could write down the gapping term on the edge which would enact the AS
δLW = −gMI cos
[
KIJ
(
φLJ +MJ′Jφ
R
J′
)]
.
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In the 1 component picture, the only AS realizable is m → m−1 ≡ m11, corresponding to M = −1 (2.9).
Thus, to realize the other two AS, we must enlarge the K matrix to, e.g., 12 ⊕ σx as is appropriate for
bosonic states. Now we see that all the AS can be realized, in particular
M7 =

7 12 −24
1 2 −3
−2 −3 8
 ;M5 =

5 −12 12
1 −2 3
−1 3 −2
 (4.43)
realize m7 and m5 respectively. These non trivial outer automorphisms are realized up to inner automor-
phisms, thus, two possible realizations for m→m11 are
−13 and

−1 0 12
−1 −1 6
0 0 −1
 (4.44)
4.8 Twist Defects
Now, we are ready to classify the properties of the twist defects in such superconducting heterostructures.
We use the methods introduced in the previous chapter to analyze the defects and their associated NAZM.
4.8.1 Fermion parity Flip defect
First, we determine the defect species associated with the Z2 fermion parity flip symmetry for a Laughlin
state at filling 12n+1 . Now, the half-quantum flux m must be dragged twice around a defect before it can
close in on itself, this corresponds to the double loop Θλm where λ is the anyon string attached to the twist
defect (see Fig. 4.6 b)).
However, it is easy to see that
Θλm
a
m = Θ
λ
m exp i (θm,ma + θmψ,ma)
= Θλm exp i (2θm,ma) (−1)a
= Θλm exp
(
piia
2n+ 1
)
(−1)a
=⇒ Θλm = Θλm
2n+1
m (4.45)
so that a λ or λm2n+1 qp attached to the defect cannot be topologically distinguished by the double loop
89
Figure 4.6: a)Fermion Parity Flip symmetry acting on a qp. a with vorticity p. p fermions are pumped
into it as it crosses the branch cut. b)Double loop Θλm measurement of the species label associated with the
fermion parity flip AS in a Laughlin state at ν = 1/(2n+ 1).
Θm and hence yield identical defect species.
Since the Laughlin qp E = m2 is invariant under the AS, it does not mutate after a single cycle around
the defect and one can form the single loop ΩλE . This obeys
Ωλm
b
E = Ω
λ
Ee
iθ
mb,m2 = ΩλE exp
(
2piib
4n+ 2
)
. (4.46)
The smallest b that leaves the single loop ΩE invariant is 4n+2, which corresponds to the electron ψ = m4n+2.
The twist defect label λ is thus defined up to an electron, λψ ≡ λ in the case of the fermion parity
gauged Laughlin state at filling ν = 1/(2n + 1), described by K = 8n + 4. Thus, we assign species labels
µ = 0, 1, · · · , 4n + 1 to the twist defects, each species label identifying two qp labels with differing fermion
parity.
σµ = σµ × ψ
σµ = σ0 ×mµ = σ0 ×mµψ (4.47)
where σ0 indicates the bare defect.
We saw in chapter 3 that the distinct defect species σ are classified by the quotient group
σ × λ = σ× (λ+ (M − 1)a) ;∀a ∈ A; λ ∈ A.
σ ∈ A
(M − 1)A (4.48)
90
In the case of the fermion parity flip symmetry we can just calculate this to find
(M − 1)ap =1 or ψ; for vorticity p even/odd
µ =
A
{1, ψ} . (4.49)
Hence we conclude that the number of defect species is equal to the number of conjugacy classes [µ], i.e.,
|A|/2.
To precisely calculate the twist defect quantum dimensions we will calculate the increase in ground
state degeneracy associated with a twist defect σ and hence infer its quantum dimension dσ using methods
borrowed from Refs. [Teo et al., 2014b, Barkeshli et al., 2013b]. For example, for an MBS the expected
Figure 4.7: Twist defect configuration and Wilson loops W corresponding to fermion parity flip. The
algebra generated by the Wilson loops determines the ground state degeneracy in the presence of twist
defects.
value of dσ is
√
2, and we hope to recover this from the algebra of Wilson-loop observables. In particular,
consider the twist defect configuration in Fig. 4.7. There are in general n independent branch cuts and 2n
twist defects at which the branch cuts terminate. We consider the Wilson line algebra ofW(ap) andW(bq),
where the subscripts p and q denote the vorticities of a and b respectively
W(ap)W(bq) =W(bq)W(ap)
exp i [θ(ap,bq)− θ(ap,bq) + θ(ψp,bq)]
=W(bq)W(ap)(−1)pq (4.50)
where θ(ap,bq) is the braiding phase of the qps ap and bq. Thus, if both p and q are oddW(aodd)W(bodd) =
(−1)W(bodd)W(aodd).
Since the Wilson lines map the ground state (manifold) onto itself, the states that span the ground state
manifold must form an irreducible representation of the Wilson line algebra. The smallest representation of
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the above algebra is 2 dimensional
W(aodd)|i〉 = (−1)i|i〉, i ∈ [0, 1]
W(bodd)|i〉 = |i+ 1; mod 2〉. (4.51)
The algebra generated by W(aodd) is essentially generated by m. This follows because vorticity is additive
under fusion and hence ∀ W(aodd) ∃ W(aeven) : W(aodd) = W(aeven ×m). For 2n such twist defects
on a closed sphere there are n− 1 copies of the Wilson line algebra. Hence, as n →∞ we get the quantum
dimension dσ =
√
2.
Fusion of these defects can be easily obtained using equation (3.5). For example, consider Fig. 3.3 with
the fermion parity flip AS. If the quasiparticle b has odd/even vorticity, the outcome string a = (1−W )b
is ψ or 1(vacuum). This determines the outcomes for bare defects. If there are additional defect species,
their fusion differs by the corresponding attached qps that mutated the defect species from the bare defect
species. These attached qps need to be fused into the outcome for the bare defect to find the result for
non-trivial defect species. This is summarized in the following fusion rules:
σ0 × σ0 = 1 + ψ
σµ × σν = µ× ν × (1 + ψ). (4.52)
Thus, we see that the fusion is the same as that of non-Abelian Ising defects, and the overall fusion always
results in two possible outcomes with opposite fermion parities. Also, as a useful check to see if all the
possible fusion channels have been accounted for, we note that quantum dimension on both sides of Eq. 4.52
matches up, i.e.,
√
2 × √2 = 1 + 1. As a check, we note that (4.52) is independent from the ambiguity in
the choices of defect labels µ ≡ µ × ψ, ν ≡ ν × ψ because ψ × (1 + ψ) = 1 + ψ, i.e., independent of which
anyon we choose to act as a species label.
4.8.2 Charge Conjugation Defect
For completeness, we also reproduce some of the results for charge conjugation defects that were presented
in Refs. [Clarke et al., 2012, Lindner et al., 2012, Cheng, 2012, Vaezi, 2013] in the context of a Laughlin
state in proximity to an s-SC. The resulting state after fermion parity gauging is K = 8n + 4, and we can
work out the details of the twist defects of the ungauged theory from this more exotic emergent phase. A
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charge conjugation twist defect acts as m→m−1. Using Eq. 4.48, we find for the defect species the rule
σµ = σµ ×m2
(4.53)
which implies that there are only two defect species, σ0 and σ1,
σ0 = σ0 ×m2 = σ0 ×m4 = σ0 ×m6 · · ·
σ1 = σ0 ×m =σ0 ×m3 = σ0 ×m5 · · ·
These twist defects have quantum dimension
√
4n+ 2 and give rise to fusion rules
σ0 × σ0 = σ1 × σ1 = 1 + m2 + m4 · · ·
σ0 × σ1 = m + m3 + m5 + · · · (4.54)
We will use these results at the end of the next section when we discuss gauging the charge-conjugation AS.
4.8.3 Composition of the two symmetries
We have already seen in Section 4.2 that a Laughlin state at filling 12n+1 in contact with an s-SC always has
an additional AS, which corresponds to a composition of charge conjugation and fermion parity flip. This is
m→ (m4n+3)−1 = m4n+1. We briefly enumerate twist defects corresponding to this symmetry here. Using
Eq. (4.48), we find
σµ = σµ ×m4n. (4.55)
This results in 4 species of twist defects σµ; µ = 0, 1, 2, 3 which obey
σ0 = σ0 ×m4n = σ0 ×m8n = · · · =
(
σ0 ×m4n(2n+1) = σ0
)
σ1 = σ0 ×m; σ2 = σ0 ×m2; σ3 = σ0 ×m3. (4.56)
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Thus, these defects have quantum dimensions
√
2n+ 1. They obey the fusion rules
σ0 × σ0 = 1 + m4n + m8n · · ·
σi × σj = mi+j + m4n+i+j + m8n+i+j · · ·
i, j ∈ (0, 1, 2, 3). (4.57)
In particular, for a Laughlin 1/3 state in a superconducting heterostructure we find twist defects with
quantum dimension
√
3, which should be compared with those of
√
6 and
√
2 coming from the charge-
conjugation and fermion parity flip symmetries respectively.
4.8.4 Twist defects for a Laughlin 1/15 case in contact with an s-SC
Finally, we briefly enumerate the twist defects in a Laughlin 1/15 state in contact with a s-SC. The purpose of
this subsection is to show the that the utility of our approach goes far beyond predicting MBS corresponding
to the fermion parity flip AS. The effective theory for such a state is described by KSC = 60. As, we have
seen in Eq. (4.4), there are large number of AS for this theory. We now enumerate them and the possible
twist defects. Most of these defects would have been completely missed by ignoring the extended TO.
• m→m11
σµ = σµ ×m10 = σµ ×m20 = · · · = σµ ×m50.
Corresponding to this AS there are 10 different defect species, σi = σ0 × mi; i ∈ [0, 9] each with
quantum dimension
√
6.
• m→m19
σµ = σµ ×m18 = σµ ×m36 = · · · = σµ ×m54 = σµ ×m12 = σµ ×m30 = σµ ×m48 = σµ ×m6 =
σµ ×m24 = σµ ×m42.
Hence, for this AS, there are 6 different defect species, each with quantum dimension
√
10.
• m→m29
This is the composition of fermion parity flip and charge conjugation. As discussed in 4.8.3, there are
4 defects with quantum dimension
√
2n+ 1 =
√
15.
• m→m31
This is the fermion parity flip symmetry and has 4n + 2 = 30 species of twist defects with quantum
dimension
√
2.
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• m→m41
σµ = σµ ×m40 = σµ ×m20.
There are thus 20 species of twist defects with quantum dimension
√
3.
• m→m49
σµ = σµ ×m48 = σµ ×m36 = σµ ×m24 = σµ ×m12.
There are 12 species of defects with quantum dimension
√
5.
• m→m59
This represents the charge conjugation symmetry and there are 2 twist defects with quantum dimension
√
4n+ 2 =
√
30.
4.9 Experimental Consequences
From this analysis, we arrive at another main result of our work, i.e., the three general AS available in
superconducting fermionic FQH states give rise to very different twist defect NAZMs. For fermion parity
flip AS we always find MBS, for charge conjugation and charge conjugation coupled with fermion parity
flip, the NAZM depends on the parent state. For the Laughlin states we recover the family of parafermion
NAZMs with quantum dimension dσ =
√
4n+ 2 =
√
2/ν for charge conjugation. We also see the possibility
of the presence of another kind of defect with quantum dimension
√
2n+ 1. These possibilities would have
been missed if we had ignored the effective bosonic theory due to the presence of the superconductor.
In Laughlin state-s-SC heterostructures it is possible to find all three types of defects, and which defects
are stabilized depends on the local microscopic interactions near the defect. As a proof of principle, we show
in supplement 4.11.2 that it is possible to tune the interactions for the ν = 1/3 Laughlin state such that
MBS are stabilized instead of a Z6 or Z3 parafermion. Hence, it will be interesting to see which NAZM
appears in possible experimental realizations.
Another line of thought extends to the experimental detection of MBS. When a fermion parity AS is
realized, we have shown that this leads to the nucleation of MBS at the twist defects. Another way of
seeing this is the vortex m being dragged around the twist defect switches the fermion parity of the MBS
pair, for example at the ends of the trench. The “back-reaction” of such a switch on the vortex m is a
change in its own fermion parity, which manifests itself in the form of an odd number of level crossings of
the vortex energy states. This change in fermion parity of the vortex should in principle be detectable by
charge sensitive measurements.
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4.10 Conclusions
To conclude, we have provided a framework from which the exotic non-Abelian zero modes at domain walls
in superconductor-topological phase heterostructures can be understood. The main idea is the consideration
of an extended TO due to coupling of the original state with a (somewhat artificial) Z2 gauge theory from
the s-wave superconductor. This new theory reveals the presence of an extra, general anyonic symmetry,
the fermion parity flip symmetry which had been overlooked beforehand. The fermion parity flip symmetry
reveals itself in the form of MBS at corresponding twist defects. Remarkably, we can extract hidden infor-
mation about the structures of defects in the experimentally accessible un-gauged theory by appealing to
the fermion parity gauged version. As already remarked, this is similar to the recent trend of investigating
ungauged SPT states by looking at their gauged versions [Levin and Gu, 2012, Wang and Levin, 2014, Wang
and Levin, 2015].
These results shed new light on predictions of parafermions in superconductor/FQH heterostructures
since we have shown that experimental geometries where parafermions can exist might harbor MBS instead.
The outcome depends on the details of the interactions at the interface, and we have explicitly constructed
cases where one non-Abelian object or the other can be stabilized. Some details about the s-wave proximity
effect have been mostly ignored since our treatment has been at the level of gauge fields. However, gapping
out an edge and realizing the fermion parity flip symmetry at a gapped interface requires inducing a proximity
effect in oppositely propagating edges at the trench using an s-wave superconductor. Hence, this requires
them to have opposite spin polarization and it is unlikely that such TO will arise in the case of spin-
polarized Laughlin states. Such twist defects should be observable in fractional Chern insulators where
counter-propagating edges have opposite spin polarization, or in FQH 2DEGs with carefully engineered g-
factors. We optimistically note that the fermion parity flip symmetry is viable in all the geometries proposed
to date in superconducting heterostructures where parafermions have been predicted to exist due to charge
conjugation symmetry. [Clarke et al., 2012, Lindner et al., 2012, Cheng, 2012, Vaezi, 2013] The remaining
open question is then a determination of experimentally viable methods of tuning forward scattering terms
so that different non-Abelian modes are favored over each other.
96
4.11 Supplementary Information
4.11.1 Gauging Fermion Parity in Laughlin States Coupled to
Superconductors, an approach inspired by stable equivalence
In this subsection, we provide an alternative interpretation of the emergence of Ksc = 8n + 4 state from a
Laughlin state at filling 12n+1 using ideas of stable equivalence. [Cano et al., 2014].
From Eq. 4.15, we have the relevant action for a Laughlin state in contact with a topological s-wave
superconductor:
L = 2n+ 1
4pi
α ∧ dα− 1
2pi
a ∧ dα+ 1
pi
a ∧ db. (4.58)
We can rewrite the above Lagrangian in a K-matrix form using the full basis β = (α, a, b)T :
L = 1
4pi
KIJβI ∧ dβJ ;K =

2n+ 1 −1 0
−1 0 2
0 2 0
 . (4.59)
One can construct a basis transformation W
W =

2 2(1 + 2n) 1
1 n 0
−1 −(1 + n) 0
 ; W ∈ GL(3,Z) (4.60)
K →WKWT =

8n+ 4 0 0
0 1 0
0 0 −1
 (4.61)
which reveals this theory to be equivalent to the state K = 8n+ 4. We see that this reproduces the action
we found for Laughlin states with K = 8n + 4 modulo two fermion modes which can be gapped and lifted
to higher energies. This also hints at how the fermionic TO was converted to a bosonic TO as the fermions
can be trivially gapped.
4.11.2 Making the fermion parity flip more relevant
This supplement focuses on interactions at a non-chiral quasi-one dimensional interface appropriate to a
trench (see Figures 4.1 & 2.3 ) in a TO state-s-wave SC heterostructure device. We have seen that a MBS
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or a parafermion is localized at a twist defect depending on whether fermion parity flip AS m → m× ψ is
more relevant than the charge conjugation symmetries m→m−1 and m→m5 for the case of the Laughlin
1/3 state. The main objective of this subsection is to show that the nature of the NAZM depends on the
interactions near the cut. In particular the scaling dimension of the backscattering/gapping term in Eq. 2.9
depends on the velocity matrix V which encodes the forward-scattering between the edges. In particular we
show the existence of a velocity matrix V which favors MBS over parafermions. Finding precise specifications
for experimentally accessible regions of forward scattering interactions that meet this criterion is a much
more difficult task and we leave that for future investigations.
We first set up conventions and outline the procedure to calculate the scaling dimensions of a backscat-
tering term in a general TO state using the method in Refs. [Moore and Wen, 1998, Moore and Wen, 2002].
We begin with the Lagrangian density at the edge, from Sec. 2.4
L = Ledge + Lgap
Ledge = 1
4pi
[
(K ⊕−K)αβIJ ∂xφIα∂tφJβ − V αβIJ ∂xφIα∂xφJβ
]
Lgap = −gWI cos
[
KIJ
(
φb +W
Tφt
)
J
]
(4.62)
where, α, β run over t, b denoting the edge modes at the top and bottom sides of the interface respectively
and I, J = 1, · · · , N (note that there are a total of 2N modes at the interface, N from the top/bottom).
The bold symbols denote the column vector φ with elements φI .
We now implement a basis transformation φ = M1X , so that the K matrix at the edge is transformed to
the pseudo-identity IN ⊕−IN . In this basis, the first N modes with signature + are right moving and the
last N with signature − are left moving. This is always possible as long as we are working with a non-chiral
edge. We will decompose the 2N dimensional vector X =
XR
XL
. The Lagrangian density takes the form
L = Ledge + Lgap
Ledge = 1
4pi
[(IN ⊕−IN )IJ∂xXI∂tXJ − V XIJ∂xXI∂xXJ ]
Lgap = −gWI cos
(
RTI XR + L
T
I XL
)
MT1 VM1 = V
X ;
(
RT LT
)
=
(
W−1K K
)
M1 (4.63)
where we have added possible gapping terms, and RI/LI corresponds to the I-th column of the matrix R/L.
Note that R,L,W,K are N × N matrices while M1 and V are 2N × 2N . Haldane’s null vector criterion
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[Haldane, 1995] for gapping terms implies that
RTR = LTL. (4.64)
Now, let us assume that the matrix V X can be diagonalized by another basis change without affecting the
pseudoidentity K-matrix IN ⊕ −IN using the transformation X = OX˜. In this new basis, the forward
scattering is encoded in V˜ = OTV XO. The gapping term cos[aTX ] is now cos[a˜TX˜ ] where a˜ = OTa. The
scaling dimension of the operator eia˜
TX is
〈eia˜TX e−ia˜TX 〉 = 〈eia˜TLXLe−ia˜TLXL〉〈eia˜TRXRe−ia˜TRXR〉
=
3∏
j=1
1
(v˜J,Rt− x)a˜
2
R,J
3∏
j=1
1
(v˜J,Lt+ x)
a˜2L,J
(4.65)
where, v˜J,R/L denote the velocities of the right/left moving modes. Thus, the scaling dimension is
∆(a) =
1
2
a˜T a˜ =
1
2
aTOOTa. (4.66)
Now, we write O = BR using the result from Refs. [Moore and Wen, 1998, Moore and Wen, 2002] that
any matrix O ∈ SO(N,N) can be written as the product of a symmetric positive boost B and a rotation R,
such that B,R are both in SO(N,N). Hence, B2 = OOT . Thus, the scaling dimension becomes i
∆(a) =
1
2
aTOOTa =
1
2
aTB2a, (4.67)
and we see the scaling dimension depends only on the boost. The physical picture is that the scaling dimen-
sions are independent of the velocities of the eigenmodes and the interactions between co-propagating modes.
They are dependent only on the interactions between counter-propagating modes. We now parametrize the
boost B as i
B = exp
 0 b/2
bT /2 0
 (4.68)
where, b is an N ×N dimensional real-valued matrix. Note now, that B has been parametrized by the N2
parameters of the matrix b. This is just an N +N dimensional generalization of Lorentz boosts in 1 + 1-d.
At the interface with 2N edge modes, there are N gapping terms. Now, given a gapping term W, and hence
corresponding matrices R and L, and using Eq. 4.67, we see that their scaling dimensions can be obtained
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from the diagonal elements of the matrix product
δI =
1
2
(RTLT)B2
R
L


II
. (4.69)
Before going further, we give an example of a velocity matrix V X which is diagonalized by elements O
in SO(N,N). Let us consider, the positive definite velocity matrix
V X = exp
 0 −b
−bT 0
 ;
It is diagonalized by the transformation OTV XO using O = B, with B from Eq. (4.68).
Now, we will make a particular set of gapping terms (characterized by the matrices R and L) relevant.
We borrow the ansatz of Ref. [Cano et al., 2015] and take b = αRL−1. In the following equation we make
this choice for b, and denote the corresponding value of B2 as B2(b = αRL−1). Using Eq. 4.64,
B2 =
∞∑
n=0
α2n
(2n)!
I +
α2n
(2n+ 1)!
 0 b
bT 0
 .
Finally, with the help of Eq. 4.69 we get the scaling dimensions of the gapping terms δI(b = αRL
−1) =
exp(α)
[
LTL
]
II
. Thus, by choosing α large and negative we can make all three gapping terms simultaneously
relevant. In 1+1-d this happens when ∆I is less than 2 for each of the gapping terms.
Now, we specialize to the Laughlin ν = 1/3 state along with a proximity-coupled s-wave superconductor
and a trench interface. We have seen in Sec. 2.4 that realizing the fermion parity flip symmetry in the
K-matrix formalism requires extending the usual K matrix to consider 8n + 4 ⊕ σx instead. Since the K-
matrix is 3 × 3, there should be 3 gapping terms at the interface. Since we only want to show a proof of
principle, we have freedom in our choice of forward scattering interactions. Let us choose B of the form
Eq. 4.68 with b = −6R−1L, i.e. α = −6, where R and L are determined using Eq. 4.63 using Wfpf
appropriate to fermion parity flip from Eq. 4.43. With this form of the velocity matrix, we find that the
fermion parity flip AS m→m7 is relevant, as designed, while the charge conjugation symmetries m→m5
and m → m−1 are irrelevant. The numerical values of the scaling dimensions of the 3 gapping terms for
the fermion parity flip are {1.63598, 0.151204, 0.0322238}, and are all less than 2, whereas those for the
charge conjugation symmetry are {3025.73, 302.572, 302.572}. For the composite symmetry m → m5 it
is {4842.75,554.862,252.174}, making the latter two very irrelevant. Hence, we have found an interaction
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which would prefer to have MBS twist defects instead of parafermion twist defects.
4.11.3 More Examples- the ADE states
In this subsection we will work with K matrices of the following form:
K(r+1)×(r+1) =

2p± 1 −1 0 . . . 0
−1
0 ±Cr×r
...
0

t =
(
1, 0, 0, · · · , 0
)T
(4.70)
Here C is a r × r Cartan matrix corresponding to a rank r Lie Algebra. Since C must be symmetric, the
corresponding Lie Algebra must be simply laced, hence we are restricted to the An, Dn, or En series.
The A series is most relevant from the point of view of experimental significance, as these states directly
relate to a number of stable quantum Hall states that have been observed at filling fractions n2np±1 . They
have u(1) × su(n)1 symmetry in the K matrix, where su(n) corresponds to the n − 1 dimensional Cartan
matrix of the A series. We have already seen these states in section 2.6.
We should add some comment to avoid confusion with some recent literature. The K-matrices in Eq. 4.70
have a fermionic block and a bosonic Lie algebra Cartan matrix. If we just considered the bosonic K-matrix
by itself then we find another set of interesting bosonic FQHE states. The bosonic D series has been in focus
recently in the context of 16 fold periodic classification [Kitaev, 2006] of topological superconductors, and
represents various versions of the toric code and semion/anti-semion topological order. Additionally, the
bosonic FQHE given by the so(8) state relates to the surface states of some time reversal symmetric SPTs
[Burnell et al., 2014, Wang and Senthil, 2013, Wang et al., 2014] and non-Abelian anyonic symmetries. [Khan
et al., 2014] Finally, the bosonic E8 state in particular is a bosonic short-range entangled phase with no
TO. [Lu and Vishwanath, 2012] Despite these interesting connections, our focus is purely on the fermionic
hierarchy states in Eq. 4.70.
i) The Jain sequence at filling n2np±1 ; the A series
Quantum Hall states at filling n2np±1 . are described by an n-dimensional K-matrix (in the Jain construction n
would correspond to the number of filled Landau levels of the composite fermions/holes formed by attaching
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2p flux quanta to the bare electron). The anyon fusion group is Z2np±1, and is generated by the n-dimensional
quasiparticle vector (0, · · · , 1)T with charge e2np±1 .
Upon gauging the fermion parity symmetry, the resulting fusion group depends upon n. If n is odd,
the fusion is Z4(2np±1), and is generated by the half quantum flux m. If n is even, the fusion is given by
Z4np±2 × Z2. The Z4np±2 sector is charged and generated by ψ − 4pm (with a charge of 1(2np±1) ), and the
neutral sector is generated by (2np ± 1)m − n2ψ. However, note that these two sectors are not completely
decoupled in the sense that they braid around each other with a phase of −1.
If n = 2 mod 4, the sectors can be completely decoupled in the sense of braiding too by using m to
generate the charged Z4np±2 sector. This is what we saw for example in the 2/5 state which decoupled
completely (the K-matrix had no off diagonal entries) into a Z10 and a Z2 sector (c.f., Eq. (4.27)).
ii) D series
Let us now consider the r + 1 dimensional K-matrix of the form Eq. 4.70 where now C is the Cartan
matrix corresponding to Dr ≡ so(2r). The fermionic theory with the above K-matrix has filling fraction
ν = 12p . The anyonic fusion group is Z8p, and it is generated by (0, · · · , 0, 1)T . Upon gauging fermion parity
symmetry the resulting theory has the anyonic fusion structure Z8p ×D±r (the ± sign refers to the element
K11 = 2p± 1 with the corresponding change in the sign of the Cartan matrix, as in Eq. 4.70). D±r refers to
the fusion structure of a purely bosonic theory with Cartan matrix ±Dr. [Khan et al., 2014, Di Francesco
et al., 1999]. The sector Dr is completely neutral and has fusion Z4 or Z2 × Z2 depending on whether r is
odd/even. The sector D−r can be understood as having time reversed braiding with respect to Dr.
If r is odd Dr is generated by (∓1, · · · , 1)T which is neutral and has h = ±r8 . If r is even there are two
neutral generators (∓1, · · · , 1)T (with h = ± r8 ) and 4pm− ψ (with fermionic statistics).
The charged sector Z8p is a U(1)4p theory. It can be expressed by a single component K-matrix with
K = 8p, and t = 2. It decouples completely from the Dr sector, and is generated by the half quantum flux
m.
Interestingly, in the D series there is spin and charge separation, i.e., the topological state splits up into
two parts, a bosonic U(1)4p sector which carries all the electric charge, and a neutral Dr sector that contains
a fermionic particle f which supports the statistics/spin of the electron. f can be represented by a vector
(∓2, 1, 0, · · · , 0), and the electron field decomposes into ψ = 4pm + f , where 4pm is the bosonic charged
part.
102
iii) E series
Here the dimension of the full K-matrix is 7, 8, or 9 depending on whether the Cartan matrix in Eq. (4.70)
is E6, E7, or E8.
For E6, before gauging fermion parity the fusion group is Z6p∓1, the filling fraction is 36p∓1 , and the qps
are generated by the h/e flux. Upon gauging fermion parity, the fusion group is Z4(6p∓1) and is generated
by the half quantum flux m.
In the case of E7, the filling fraction is ν =
1
2p∓1 , and the fusion group is Z2 × Z2p∓1. The Z2p∓1
sector is charged and is generated by the h/e flux, the Z2 sector is neutral and is generated by the the
quasiparticle vector (0, 1, 0, 0, 0, 0, 0,−1)T . The generator of the neutral sector has h = ± 34 as well. The two
sectors are completely decoupled from each other. After gauging fermion parity the fusion group becomes
Z4(2p∓1) × Z2. The Z2 sector is still neutral and stays unaffected. Only the charge sector gets quadrupled
and is now generated by m.
For E8 the filling fraction is
1
2p∓1 . The fusion group is Z2p∓1 and is generated by h/e. After gauging
fermion parity, the theory is now Z4(2p∓1) and is generated by m.
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Chapter 5
Gauging the Anyonic Symmetry
We will now move on to investigate something more theoretical in nature that is a natural extension of our
discussion so far. Until now we have treated an AS as a global, discrete symmetry of the qp set A of a given
topological phase. The twist defects that we have identified are semiclassical, static fluxes that were put
into the system by hand. Gauging the AS promotes the twist defects to deconfined quantum excitations of a
new topological phase, which is non-Abelian. We now move on to identifying the resulting set of topological
qps after gauging the AS. We will denote this phase as a twist liquid, and such phases have been treated
comprehensively recently in Refs. [Barkeshli et al., 2014, Teo et al., 2015]. A treatment of the full structure of
twist liquids that can emerge from fermionic FQHE states is beyond our scope. We have narrowed our focus
on just gauging the fermion parity flip symmetry and the charge-conjugation symmetry, and furthermore,
we only enumerate the emergent qp structure without deriving the full braiding matrices and F-matrices of
the resultant braided fusion category. However, before we do that we need to introduce some formalism.
5.1 Discrete gauge theories
We start with a brief introduction to topological theories based on an arbitrary discrete gauge group G.
(which can be non-Abelian) The resulting topological state is called a quantum double, D(G). This formalism
was introduced in [Preskill, 2004, Bais et al., 1992, Freedman et al., 2004, de Wild Propitius and Bais,
1995, Propitius, 1995, Mochon, 2004].
The anyonic excitations in such a theory are labelled by the 2-tuple
χ = ([M ], ρ) .
and is in general a dyon with a flux component [M ] and a charge component ρ.
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The flux component [M ] is given by a conjugacy class [M ] of an element M in G defined as
[M ] = {M ′ : M ′ = NMN−1, N ∈ G}.
Given the flux [M ], the second component gives an associated value of the charge which is labeled by the
irreducible representations ρ of the centralizer CG([M ])
CG([M ]) = {N ∈ G : NM = MN}.
Note that the definition of the centralizer is independent (up to adjoint isomorphism) of which represen-
tative of the conjugacy class [M ] is chosen. The allowed charged components are thus characterized by an
irreducible representation ρ : CG([M ])→ U(Nρ). (where Nρ denotes the dimension of the representation ρ.)
Enumerating all possible combinations of [M ] and ρ yields the full set of flux, charge, and dyonic qps of the
deconfined phase of the discrete G gauge theory. Pure charges have flux in the identity [1] conjugacy class
of the group and charge components of pure fluxes are in the trivial representation.
Now that we have stated the rules, let us motivate the preceding definitions. First we justify why fluxes
take values in the conjugacy classes rather than the elements of the group. Let us suppose we start off with
a particular irreducible representation ρ with dimension Nρ. To distinguish and attach labels, we need to
establish in the words of Preskill a “bureau of standards”. We define an arbitrary basis in the charge bureau
of standards |ρ, i〉; i ∈ [1, · · · ,Nρ]. When a charge a in the representation ρ is transported counterclockwise
around a flux M ∈ G, it acquires a holonomy
ai → ρ(M)ijaj (5.1)
where ρ(M) is a Nρ dimensional unitary matrix.
One immediately notices that this holonomy is gauge dependent and is defined by conjugation via unitary
redfinitions of the basis at our charge bureau of standards. As such, although one can argue that once we
fix the basis, we can in principle determine the elements of ρ(M) by interference measurements, only the
eigenvalues of ρ(M) are gauge independent. Alternatively, note that that if there is another charge bureau
where all the standard charges have been taken around the flux M1 (as defined in the first bureau), then the
flux N in the first bureau will be labelled as M1NM
−1
1 in the second. This explains the need for conjugacy
classes to label fluxes.
Alternatively, consider a charge taken counter clockwise around two fluxes M and N . Through an abuse
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of notation, we have denoted the counterclockwise paths taken around these fluxes in the diagram 5.1 as M
and N too. However, what should be obvious from 5.1 is that the path M after counter clockwise exchange
is equivalent to MNM−1 before exchange and N after exchange is equivalent to M before exchange. This
leads to the following rule.
R : |M,N〉 → |MNM−1,M〉 =⇒ R2 : |M,N〉 → |(MN)M(MN)−1, (MN)N(MN)−1〉 (5.2)
where R denotes the counterclockwise exchange of two fluxes, and R2 is the monodromy operator.
Hence, we get the result that moving a flux N around M conjugates it to MNM−1. Thus, we see that
fluxes can be distinguished gauge independently only upto conjugacy classes.
Figure 5.1: a) Deformation of the path MNM−1. b) M
Exchange−−−−−−→MNM−1; N Exchange−−−−−−→M
Let us consider a dyon with charge a in representation ρ combined with a flux M . When taken around the
flux N , it acquires a holonomy ρ(N)ijaj , but the flux changes to NMN
−1. This means that the operation
is not strictly cyclic (even though it respects conjugacy classes). To ensure that the initial and final Hilbert
spaces coincide, we require that M and N commute. Thus, given a flux component M , when considering
charge representations we only consider N such that [M,N ] = 0. But this is precisely the centralizer of the
element M in the group G. (CG(M)) Thus the charges are labelled by irreducible representations of the
centralizer. The quantum dimension of the anyon χ = ([M ], ρ) is given as dχ = |[M ]Nρ|. A simple example
can be given using the group G = Z2. There are two flux components [1], [σ]. Since the group is Abelian,
the centralizer for each of the conjugacy classes is the whole group and all the allowed representations are 1
dimensional. The number of representations (equal to the number of conjugacy classes) is 2, we label them
ρ+, ρ−. Hence, there are 4 excitations, [1, ρ+], [1, ρ−], [σ, ρ+], [σ, ρ−]. Each has quantum dimension 1.The S
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matrix and braiding between mutual dyons can also be derived, for these details see [Teo, 2016].
Now, the stage is set for a more complicated scenario where we have a parent Abelian topological state
with an initial quasiparticle set A and a discrete global AS group G. The anyon excitations of the G twist
liquid obtained by gauging the global AS group G are composites of the flux and charge of the gauged AS
G and qps of the parent Abelian theory; but there are requisite constraints that must be satisfied by the
composites. The twist liquid has anyons χ which can be labeled using a 3-tuple
χ = ([M ],λ, ρ).
The flux label [M ] specifies a conjugacy class of G. Given M , a representative element of the conjugacy
class [M ], we form the set of defect species AM = A(M−1)A . λ is an orbit of the anyon labels λ drawn from
AM . Precisely, λ is the CG([M ]) orbit in AM . Thus
λ = λ1 + λ2 + λ3 + · · ·+ λl, λi ∈ AM . (5.3)
Thus, the elements in CG([M ]) can permute the elements λi while keeping λ unchanged.
The charge component ρ is characterized by an Nρ dimensional, irreducible representation of a restricted
centralizer of the flux M and orbit λ CλG([M ]).
CλG([M ]) = {N ∈ CG([M ]) : Nλ1 = λ1}. (5.4)
One might worry that Eqs. 5.3 and 5.4 are dependent on the choice of species label λ1, but different choices
are related by adjoint isomorphisms and lead to identical anyon content [Teo et al., 2015].
We again motivate the above definitions. As in the case for discrete gauge theories, fluxes take values in
the elements of the group G, and braiding a flux g around h, results in conjugation g → hgh−1, hence fluxes
are characterized by conjugacy classes rather than individual elements.
Moving onto defect species labels, which take values inAM = A(M−1)A . However, now note that previously
distinct qps/qp-defect composites are now identified by virtue of the AS. Hence we must consider supersectors
λ of defect species which is a composite object derived from species labels. At first glance one might expect
that λ should be invariant under the action of the AS, i.e. it must be a orbit of the full group G. However,
note that once M is fixed, so is AM , however it is not invariant under the full group G. This is because the
denominator (M − 1)A is left invariant only by symmetries N ∈ G that commute with M , i.e. N ∈ CG(M).
(note that NA = A). Hence, as noted previously, we see that λ is left invariant under CG(M), this means
107
that elements of the centralizer act on the elements λi ∈ λ transitively, ∀λi, λj ∈ λ ∃N ∈ CG(M) : Nλi = λj .
Finally, we move on to the charge component ρ. Naively, one might think that the charge is labelled
by irreducible representations ρ of the centralizer CG([M ]), however there are further restrictions. Let us
consider an excitation with flux [M ] and species label λ being taken around a flux L ∈ CG([M ]. But this
composite object has the supersector λ which is composed out of various species labels λi. The flux L can
act on λi and change to λj , thus Lλi = λj . Otherwise, the Hilbert sectors associated with the various
components λi can mix. Hence, although the supersector λ is respected, the evolution is not strictly cyclic.
This is a similar argument to previous ones which restricted us to consider gauge fluxes restricted to the
centralizer, CG([M ] while considering allowed representations for the charge sector. This leads us to the
condition 5.4. Again, we make a choice λ1 in our definition, any other λi ∈ λ can be made, and are related
to each other by conjugate isomorphisms and lead to the same anyon content. The quantum dimension of
the composite object χ = ([M ],λ, ρ is given as dχ = |[M ]|Nρ
√|(M − 1)A|.
While these mathematical definitions might seem a bit opaque, we show how they work for some simple
examples below.
The first example we consider is the toric code, in this case the anyonic content is A = {1, e,m, ψ}. The
toric code has a Z2 AS which corresponds to electromagnetic duality exchanging e↔ m,ψ → ψ. This is a Z2
symmetry. There are two elements in this group which are the conjugacy classes {[1], [σ]}. These constitute
the fluxes of the AS. The identity element acts trivially on the species labels whereas [σ] acts by e ↔ m.
A1 = A. The species labels for the flux class σ can be simply obtained using the conjugacy classes A(σ−1)A .
(σ− 1)A = {1, ψ}. Thus there are two species labels for flux class σ, Aσ = {0, 1}. We label them by λ0 and
λ1. λ0 = λ0 × ψ and λ1 = λ0 × e = λ0 ×m. We now construct the orbits of the species labels under the
action of the centralizer. Since the group is Abelian, the centralizer is the whole group itself. The orbits for
A1 are {1, e + m,ψ} while λ0 and λ1 form their own orbits as λ1 = λ0 × e = λ0 ×m, thus the Z2 action
leaves it invariant.
The allowed charge representations for the centralizer groups are
C1Z2([1]) = Z2; C
e+m
Z2 ([1]) = 0; C
ψ
Z2([1]) = Z2
C0Z2([σ]) = Z2; C
1
Z2([σ]) = Z2
The only non-trivial example above is Ce+mZ2 ([1]) which turns out to be trivial using 5.4 as Z2 does not leave
e invariant. The group Z2 being Abelian has two one-dimensional representations ρ+ and ρ−.
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Hence, we get a number of qps. We tabulate them below
([1], 1, ρ+); 1 = ([1], 1, ρ−); ([1], ψ, ρ+); ([1], ψ, ρ−);
([σ], 0, ρ+); ([σ], 0, ρ−); ([σ], 1, ρ+); ([σ], 1, ρ−);
([1], e+m, ρ0); (5.5)
The qps in the first line have quantum dimensions 1,those in the second line
√
2 and ([1], e + m, ρ0) has
quantum dimension 2.
Let us now use the above formalism to determine the qp content of the gauged fermion-parity flip or
charge conjugation theories when starting from a Laughlin state at ν = 1/(2n + 1) with gauged fermion
parity, i.e., the theory ultimately described by K = 8n+ 4 as described in the previous chapter.
5.1.1 Fermion parity flip
The fermion parity flip acts on the qp set as mp → mp × ψp. As this is a Z2 symmetry, the AS group to
be gauged is G = Z2. This group has two conjugacy classes: [1] (the trivial conjugacy class) and [σ] (the
non-trivial flux/twist defect around which anyon labels get permuted).
For the trivial flux, [1], the species labels are taken as orbits from the setA[1] = A = {1,m,m2, · · · ,m8n+3}.
The appropriate Z2 orbits of this set of qps can be summarized as
Z2m2a = m2a; a ∈ [0, 1, · · · , 4n+ 1]
Z2(m2a+1 + m2a+1ψ) = (m2a+1 + m2a+1ψ); a ∈ [0, · · · , 2n] (5.6)
That is, even powers of m form an orbit by themselves, and odd powers form an orbit with itself fused with
a fermion. For an Abelian group the centralizer of each element is the whole group so the choice of flux does
not restrict the possible charge representations. However, the choice of species does restrict the charges and
we have the restricted centralizer subgroups
Cm
2a
Z2 ([1]) = Z2
C
(m2a+1+m2a+1ψ)
Z2 ([1]) = Z1
where by Z1 we mean the group containing only the identity. The group Z2 has two representations ρ+
and ρ− which can be held by qps which are even powers of m, whereas odd powers of m (that form orbits)
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cannot hold any non-trivial charge.
For the non-trivial flux sector [σ] there are 4n + 2 species labels λi = 0, 1, 2, · · · , 4n + 1, where λi can
imply either mi or mi×ψ. Each λi is invariant under the Z2 action and forms a Z2 orbit by itself. As such,
the restricted centralizer group is CiZ2([σ]) = Z2.
The full set of qps, along with their quantum dimensions are
(
[1],m2a, ρ+
)
; d = 1(
[1],m2a, ρ−
)
; d = 1(
[1],m2a+1 + m2a+1ψ, ρ+
)
; d = 2
([σ], λi, ρ+) ; d =
√
2
([σ], λi, ρ−) ; d =
√
2. (5.7)
Adding up the total quantum dimension we find D =
√∑
χ d
2
χ = 2
√
8n+ 4, which is exactly what we expect
when a 2 fold symmetry is gauged in a topological phase with initial quantum dimension
√
8n+ 4.
This theory is non-Abelian as well since some qps have d > 1. It can be identified with the tensor product
theory
SO(N1)1 ⊗ SO(N2)1 ⊗ Z(2)2n+1 (5.8)
for N1, N2 odd and N1 +N2 = 4n+ 2.
Here the SO(N)1 is an Ising-like state with chiral central charge c−(SO(N)1) = N/2. It contains anyons
{1, ψ, σ}, where ψ is identified with one of the fermions ([1],m4n+2, ρ±), and σ is identified with either
([σ], λ0, ρ+) or ([σ], λ2n+1, ρ+). They have spins hψ = −1/2 and hσ = N/16 respectively, and follow the
fusion rules σ×ψ = ψ and σ× σ = 1 +ψ. The Z(2)2n+1 state [Moore and Seiberg, 1989a, Bonderson, 2007] is
Abelian with chiral central charge c−(Z(2)2n+1) = −2n. It has qps {1 = E0, E1, . . . , E2n}, where Ej is identified
with ([1],m4j , ρ+). They have spins hEj = 2j
2/(2n+1) and follow the fusion rules Ei×Ej = Ei+j mod 2n+1.
Let us compare this result to what we would find by gauging charge-conjugation symmetry.
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5.1.2 Charge conjugation symmetry
The charge conjugation symmetry acts as ma → m−a. Again, this discrete symmetry group is Z2. For the
trivial flux sector [1] the orbits constructed from the full anyon set A are
{
1, {ma,m−a}, ψ} ; a ∈ [1, 2, · · · , 4n+ 1] (5.9)
The restricted centralizer groups are
C
{1}
Z2 ([1]) = C
{ψ}
Z2 ([1]) = Z2
C
{ma+m−a}
Z2 ([1]) = Z1; a ∈ [1, 2, · · · , 4n+ 1].
Hence the lone qp orbits can hold either charge, while the two-particle orbits can only hold trivial charge.
For the flux component [σ], the relevant species labels are Aσ =
A
(σ−1)A = {0, 1}. The species 0 can
represent any qp m2a while 1 could be any qp labelled by m2a+1 (c.f., Sec. 4.8.2.) The restricted centralizer
groups are
C
{0/1}
Z2 ([σ]) = Z2.
Hence, the full set of twist liquid qps are
([1], 1, ρ+) ; ([1], 1, ρ−) ; d = 1
([1], ψ, ρ+) ; ([1], ψ, ρ−) ; d = 1(
[1],ma + m−a, ρ+
)
; a = 1, 2, · · · , 4n+ 1; d = 2
([σ], i, ρ+) ; ([σ], i, ρ−) ; i ∈ [0, 1]; d =
√
4n+ 2. (5.10)
This agrees with the conformal field theory content of the U(1)4n+2/Z2 orbifold. [Ginsparg, 1988a, Dijkgraaf
et al., 1988] Again, the net quantum dimension is 2
√
8n+ 4 because charge conjugation is also a Z2 symmetry.
However, the net anyon content of the twist liquid is very different as we now see non-Abelian objects with
much higher quantum dimensions.
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Chapter 6
Anyon condensation, coset theories
and non-simply laced algebras
In the previous chapters, we have seen examples where introduction of semiclassical defects led to the
emergence of exotic non-Abelian bound zero modes absent in the original theory. We have also seen how
heterostructures made out of fermionic TO states with superconductors can lead to bosonic theories with
extended TO. We continue this line of thought of combining simpler systems to get to more complicated
theories in the present chapter. Our examples focus on the emergence of systems with non-Abelian TO.
This transition is driven by the condensation of a composite bosonic quasiparticle (qp), obtained by fusion
from qps in the constituent theories.
Also, our examples move from their focus on simply laced ADE Lie Algebras. We consider a number of
non-simply laced cases, with some emphasis on theories which have Fibonacci anyons capable of universal
quantum computation. This procedure also opens interesting questions into ways to understand other well-
known constructions in CFT, such as coset theories and conformal embeddings.
Topological phase transitions driven by a condensation mechanism were first analyzed in detail in [Bais
et al., 2002, Bais and Slingerland, 2009] and have been utilized in other subsequent work. Further mathe-
matical work has been done by [Kong, 2014a].
We will start off with some pedagogical examples which illustrate this procedure for the well known Zk
parafermionic theories and then go on to construct theories with anyon content dictated by non-simply laced
Lie Algebras at level 1 (see appendix A).
Interestingly enough, our construction includes both the exceptional Lie Algebras G2 and F4, which
support Fibonacci anyons at level 1. Although this might sound like a mathematical curiosity, [Mong et al.,
2014] proposed a heterostructure of a fractional Abelian quantum Hall state at filling 2/3 (which realizes a
su(3)1 algebra) and an ordinary s-wave superconductor, which can realize one of these algebras, G2 at level
1. It turns out it is possible to understand this using a condensation mechanism.
Another theory that we consider that supports Fibonacci anyons is sp(6) at level 1 and has been proposed
as an alternate to su(2)3 Chern Simons theory to describe the bulk of the Z3 parafermionic quantum Hall
state at filling 135 . [Barkeshli and Wen, 2010a]
112
Composite boson condensation together with anyonic symmetry also illuminates in a very simple way the
16 fold Kitaev classification of chiral topological superconductors in 2 dimensions. [Kitaev, 2006, Neupert
et al., 2016a].
6.1 Anyon Condensation: Rules of the “Game”
In this section, we provide a pedestrian approach which allows one to understand phase transitions in TO
media driven by condensation. The simple rules stated here allow one to understand only a restricted class
of condensate driven phase transitions which will suffice for us.
More complicated cases would require us to bring the whole machinery of restriction and lifts, which is
discussed in [Bais and Slingerland, 2009].
• Given two TQFTs G and H with anyon content {g} and {h} respectively, the full set of quasiparticles
of the composite theory G⊗H is given by the ordered pair (g, h), obtained from the Cartesian product
of the two theories.
• The process of anyon condensation starts by condensing a composite boson b, with δb = 1. (Note that
this might not be always possible [Neupert et al., 2016b]) This means that in the new theory, the
condensed boson is synonymous with the vacuum sector, b ≡ 1. This also implies that if a = b × c,
then a and c also have to be identified.
• Any qp. d that has non-trivial braiding with the condensate now must be confined. This is because
it is not possible to have a single valued condensate order parameter enclosing d. Thus, qps with
non-trivial braiding around the condensate are removed from the low energy sector of the theory.
• The statistical angle δ of the composite qp is obtained by the sum of the statistical angles of the
individual qps (unless they have non trivial braiding, then use (1.4)). The fusion rules of the composite
theory are inherited from those of the constituent systems. The quantum dimension of a composite
qp is the product of the quantum dimension of the parent qps. Given the conformal dimensions and
hence the statistical angle δ, the fusion rules and the quantum dimensions, the modular S matrix can
also be easily determined using Kitaev’s ribbon formula. (equation 1.4).
c = a× b; dc = dadb; δc = δa + δb (6.1)
• Coset constructions can also be understood using anyon condensation. For example, let us suppose
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we want to understand the primary fields and modular braiding matrices of the coset theory Gk/Hk′ ,
where G and H are Lie algebras and k, k′ are the levels of the CFTs.
We can do this by starting out with a bulk Chern-Simons gauge theory Gk ⊗ Hk′ , where for our
purposes, the H denotes the time reversed version of H ( which means that the S and T matrices
are complex conjugated versions of the original theory). Then, we continue anyon condensation as we
would in any other system. This theory has central charge cGk − cHk′ . The conformal dimension of
the primary field ab where a ∈ Gk and b ∈ Hk′ is given as ha − hb.
Now, whether this theory is identical as a CFT to Gk/Hk′ is a question that requires more examination
and would perhaps require an identity involving partition functions. However, [Bais and Slingerland,
2009] argue that both theories should have the same topological data, i.e. the modular S and T
matrices and fusion coefficients are identical. This connection was first shown by [Moore and Seiberg,
1989b].
It is important to note that this provides a much easier way of getting to the primary field content
of coset theories than just considering the usual character theory of affine Lie algebra representations,
which in some cases can be a very arduous procedure.
• In the previous item, we have used anyon condensation to talk about the edge CFT of a bulk topo-
logical quantum field theory (TQFT). Here it seems appropriate to put in the reminder that anyon
condensation is a bulk process. Hence, strictly speaking, we can only deduce the topological spin δ
of the deconfined anyons in the condensed theory. Alternatively, the conformal dimensions h of the
primary fields in the edge CFT after the boson is condensed is known only modulo 1.
It is important to be mindful of this distinction, now that we have seen that bulk edge correspondence
is one to many. This can have physical implications. For example, we have seen in 4.11.1 that realizing
some anyonic symmetries suggested from the bulk topological data across the edge of a fermion parity
gauged Laughlin 1/3 state requires considering an enlarged stably equivalent theory. Alternatively,
we require not just an equality of modular matrices, we require a stricter equality of the conformal
dimensions too.
This problem is glaringly obvious when we condense a boson with conformal dimension 6= 0, for example
in G2. ( we will see this example in section 6.3). In that case the conformal dimension of the Fibonacci
anyon can be defined only modulo 1. ( This is because there are 3 different anyons in the original
theory with differing conformal dimensions which are identified by the condensate as the Fibonacci in
the final theory, see equation (6.18). )
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• As long as the theory is modular, anyon condensation preserves the chiral central charge. [Bais and
Slingerland, 2009].
Besides this we assume that we are working with modular theories with a unique vacuum state 1. The
fusion rules of the theory are assumed to be associative, a× (b× c) = (a× b)× c. Fusion of deconfined point
like qps. is symmetric, i.e. a× b = b× a. However, if we include confined excitations, such as twist defects
with branch cuts, then fusion is no longer commutative. We have already seen this to be true for the twist
defects of so(8). However, we do not work with such examples in this chapter.
Finally, we require that each qp. has a conjugate anti-qp with which it fuses to obtain vacuum in a
unique manner
a× a = 1 +
∑
c6=1
N caac (6.2)
There are other interesting scenarios that we have left out such as what happens when we condense a
non-Abelian boson. However, we will briefly see how a non-Abelian qp in the composite theory branches
out to preserve modularity in the context of 16 fold classification of topological superconductors in 2+1 d.
(section 6.7).
6.2 Zk parafermions
In this section, we illustrate how to obtain the primary field and associated braiding content of the celebrated
Zk parafermionic theories which can be obtained via the coset construction
su(2)k
u(1)k
. [Zamolodchikov and
Fateev, 1985].
These models belong to a specific class of theories,
gk
u(1)r
, where r is the rank of the Lie algebra g. This is
basically the group divided out by its Cartan subgroup. These were first analyzed in [Gepner, 1987, Dunne
et al., 1989]. We will also see another example of this construction when we look at
su(3)2
u(1)2
.
We start off by describing the U(1)k theory.
6.2.1 u(1)k CFT
The u(1)k theory has central charge 1. At level k there are 2k primary fields 〈m〉, which are labelled by
integers m : −k + 1 ≤ m ≤ k.
Of course, the level of an Abelian Kac-Moody (KM) algebra, such as u(1) for which the structure
constants fabc vanish is ambiguous, since we can change the level simply by rescaling the currents. Our
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definition of the level corresponds to a free boson compactified on a circle of radius R =
√
2k.
The conformal dimension of the field 〈m〉 is h〈m〉 = m
2
4k . The braiding matrix and fusion rules of the
theory takes the form [Blumenhagen and Plauschinn, 2009, Di Francesco et al., 1999]
S〈m〉,〈n〉 =
1√
2k
exp
(
ipimn
k
)
〈m〉 × 〈n〉 = 〈m+ n mod 2k〉
h〈m〉 =
m2
4k
(6.3)
6.2.2 su(2)k
The su(2)k theory has k + 1 primary fields, [n] which are labelled by 0 ≤ n ≤ k. The conformal dimensions
of these fields are given as
n(n+ 2)
4(k + 2)
. The braiding S matrix is
S[i],[j] =
√
2
k + 2
sin
[
pi
k + 2
(i+ 1)(j + 1)
]
(6.4)
The fusion rules can be visualized using Bratteli diagrams.
According to the rules laid out in section 6.1, we now see how to construct Zk parafermions by considering
the theory su(2)k ⊗ u(1)k, and condensing the composite boson [k]〈k〉. The qp of su(2)k is in [ ] and that of
u(1) is in 〈 〉. Note that [k]〈k〉 has h = 0.
6.2.3 Z2 Ising parafermions
The primary fields of the su(2)2 algebra are [0], [1], [2] with conformal dimensions h[0] = 0, h[1] = 3/16 and
h[2] = 1/2.
The S-matrix elements in the ordered basis [0], [1], [2], using (6.4) are given by
Ssu(2)2 =
1
2

1
√
2 1
√
2 0 −√2
1 −√2 1
 (6.5)
The fusion rules and quantum dimensions when calculated from the S matrix yield
[0]× [∗] = [∗], 1× 1 = [0] + [2], [2]× [2] = [0], [1]× [2] = [1] (6.6)
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The quantum dimensions are d[0] = d[2] = 1 and d[1] =
√
2.
The conformal dimension of the primary fields 〈m〉, m = 0, 1,−1, 2 for u(1)2 are 0,−1/8,−1/8,−1/2
respectively, using (6.3)
The product theory su(2)2 ⊗ u(1)2 has 12 anyons. We now proceed by condensing [2]〈2〉. Now, all qps.
with non-trivial braiding around the condensate must be confined.
S〈0〉,〈2〉 =
1
2
; S〈1〉,〈2〉 = −
1
2
; S〈−1〉,〈2〉 = −
1
2
; S〈2〉,〈2〉 =
1
2
(6.7)
This, combined with the last row of (6.5) is enough to determine braiding of composite anyons with the
condensate.
The qps. with trivial braiding with the condensate [2]〈2〉 are
[0]〈0〉; [0]〈2〉; [2]〈0〉; [2]〈2〉; [1]〈1〉; [1]〈−1〉
However, now not all these quasiparticles are unique, they are actually identified by the condensate.
Thus we end up with the following three anyons
1 = [0]〈0〉 ≡ [2]〈2〉; σ = [1]〈1〉 ≡ [1]〈−1〉; ψ = [0]〈2〉 ≡ [2]〈0〉; (6.8)
Their fusion and braiding is inherited from the parent theories
1× ∗ = ∗; σ × σ = 1 + ψ; σ × ψ = σ (6.9)
The primary fields of the resulting theory have statistical angle
δ1 = 0; δψ = pi; δσ = pi/8 (6.10)
6.2.4 Z3 parafermions
su(2)3 has 4 primary fields, [0], [1], [2], [3] with conformal dimensions 0,
3
20 ,
2
5 ,
3
4 respectively.
[0]× [∗] = [∗]; [1]× [1] = [0] + [2]; [2]× [2] = [0] + [2]; [3]× [3] = 0
[1]× [2] = [1] + [3]; [1]× [3] = [2]; [2]× [3] = [1] (6.11)
117
[0] and [3] have quantum dimension 1, whereas [1] and [2] are Fibonacci anyons with quantum dimension
1+
√
5
2 .
The primary fields 〈m〉, m = 0, 1,−1, 2,−2, 3 for u(1)3 have conformal dimensions
0,− 112 ,− 112 ,− 13 ,− 13 ,− 34 respectively, using (6.3).
Now, we consider the product theory su(2)3⊗ u(1)3 with 4× 6 = 24 qps. We proceed by condensing the
boson, [3]〈3〉. The product theory has 4 × 6 = 24 particles. Using, equations (6.3), (6.4) we can calculate
the braiding phases of [3] and 〈3〉 in their respective theories.
S[0],[3] =
1
D
; S[1],[3] = − d
D
; S[2],[3] =
d
D
; S[3],[3] =
−1
D
. (6.12)
where D is the total quantum dimension of su(2)3, and d =
1+
√
5
2 is the golden ration, the quantum
dimensions of the Fibonacci anyons [1] and [2].
S〈0〉,〈3〉 =
1√
6
; S〈1〉,〈3〉 = −
1√
6
; S〈−1〉,〈3〉 = −
1√
6
; S〈2〉,〈3〉 =
1√
6
; S〈−2〉,〈3〉 =
1√
6
; S〈3〉,〈3〉 = −
1√
6
(6.13)
We see that the qps. with trivial braiding phase around [3]〈3〉, upto identification by the condensate are
1 = [0]〈0〉 ≡ [3]〈3〉; ψ = [0]〈2〉 ≡ [3]〈−1〉; ψ2 = [0]〈−2〉 ≡ [3]〈1〉;
τ = [2]〈0〉 ≡ [1]〈3〉; σ+ = [2]〈2〉 ≡ [1]〈−1〉; σ− = [2]〈−2〉 ≡ [1]〈1〉
1× ∗ = ∗; ψ × ψ = ψ2; ψ × ψ2 = 1; τ × τ = 1 + τ ; σ+ = τ × ψ; σ− = τ × ψ2 (6.14)
We note that this Z3 theory is distinct from theM(6, 5) (also with central charge 4/5) minimal model with
10 primary fields.
The statistical angle of the primary fields are given by
δ1 = 0; δψ = δψ2 = 4pi/3; δτ = 4pi/5; δσ+ = δσ− = 2pi/15 (6.15)
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6.3 Anyon condensation between Z3 parafermions and su(3)1 to
get G2 at level 1
We have already seen su(3) at level 1 in chapter 2 and the Z3 ≡ su(2)3/u(1)3 parafermionic theory in the
previous section. Now, let us see how we can combine these two theories to get a theory with Fibonacci
anyons, G2 at level 1. (For more details about G2, refer to Appendix A.2.4) .
First, we organize the information about the constituent theories and summarize them in Table 6.1.
Using the fusion rules and topological spin δ of the anyon species enumerated in Table 6.1 we can determine
su(3)1 su(2)3/u(1)3
Central charge c = 2 c = 4/5
Anyon content 1, e, e2 1, ψ, ψ2, τ, σ+, σ−
Fusion e× e = e2, e× e2 = 1 1× ∗ = ∗;ψ × ψ = ψ2;ψ × ψ2 = 1
τ × τ = 1 + τ ; τ × ψ = σ+; τ × ψ2 = σ−
Topological spin δe = δe2 = 2pi/3 δψ = δψ2 = 4pi/3; δτ = 4pi/5; δσ+/− = 2pi/15
Quantum Dimensions de = d
2
e = 1 dψ = dψ2 = 1; dτ = dσ+ = dσ− =
1+
√
5
2
Table 6.1: Anyon content of su(3)1 and su(2)3/u(1)
the braiding matrix elements of each individual theory using Kitaev’s ribbon formula (1.4) [Kitaev, 2006],
which we reproduce here for convenience.
Sa,b =
1
D
∑
c
N cab
eiδc
eiδaeiδb
dc; a× b =
∑
c
N cabc (6.16)
We enumerate the braiding results that will be useful for us
See = Se2e2 =
1√
3
e−2pii/3See2 =
1√
3
e2pii/3
Sψψ =
1
D
e2ipi/3;Sψψ2 =
1
D
e4ipi/3;
Sψτ =
d
D
;Sψσ+ =
d
D
e2ipi/3;Sψσ− =
d
D
e−2ipi/3. (6.17)
where d = 1+
√
5
2 and D =
∑
a
√
d2a =
√
3
2
(
5 +
√
5
)
.
The first encouraging fact that one should note is that the central of su(3)1 (2) and the Z3 (4/5)
parafermion add up to that of G2 (14/5).
We condense the composite boson (e)〈ψ〉, thus identifying it with the vacuum sector in the condensed
theory. Here, the particle in ( ) refers to the su(3) sector and 〈 〉 refers to the parafermionic sector.
The condensation procedure makes the identification 1 ≡ (e)〈ψ〉. This automatically implies that we
must identify qps. c and d, if c = d × (e)〈ψ〉. If an anyon has a non trivial braiding phase around (e)〈ψ〉
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then it is confined, and is no longer a part of the low energy sector theory.
We see that the total number of composite anyons of the form asu(3)1 × bsu(2)3/u(1) are 3 × 6 = 18. Of
these, the only ones which are deconfined are
1 = (e)〈ψ〉 ≡ (e2)〈ψ2〉
τ = (1)〈τ〉 ≡(e)〈σ+〉 ≡ (e2)〈σ−〉 (6.18)
Thus we have only two deconfined excitations 1 and τ with topological spin δ1 = 0; δτ = 4pi/5. Here, we
have used τ to denote the Fibonacci anyon in G2, even though we had used it before in the context of the
Fibonacci in the Z3 parafermionic theory. We have done this keeping in mind that they have the same
quantum dimension and statistical angle δ = 4pi/5, and have been identified in the anyon condensation
process.
The modular S matrix for the condensed theory can be calculated, by looking at the braiding of the
anyons in equation (6.18). The braiding of the composite anyons are inherited from the constituent qps.
Using equation (6.17)
SFib = SFib =
1√
1 + d2
1 d
d −1
 (6.19)
where d = 1+
√
5
2 is the quantum dimension of the Fibonacci anyon. We have used SFib to denote the braiding
matrix of a theory containing only a Fibonacci anyon sector besides the vacuum. Since, it is real valued the
time reversed theory Fib, which we will encounter in section 6.5 has the same S matrix.
It turns out there are two distinct ways of realizing G2 level 1; we can either condense (e)〈ψ〉 or (e2)〈ψ〉.
This is a consequence of the anyonic symmetry in the problem as reflected in the modular S matrix. S is
unchanged under the interchange of e and e2 and ψ and ψ2.
G2 also, has only two anyons 1 and τ with quantum dimensions 1 and
1+
√
5
2 . From the appendix, A.2.4,
the modular matrices of G2 match up with that derived in this section. [Mong et al., 2014] have proposed
a realization of G2 which can be understood via this anyon condensation process in a superconducting
heterostructure of the 2/3 quantum Hall state.
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6.4
su(3)2
u(1)6 × u(1)2 coset theory
In this section we develop the su(3)2/u(1)
2 theory. To our knowledge, this theory was first worked on
by [Noyvert, 2007], albeit by using very different techniques. These have been also used by [Ardonne and
Schoutens, 1999] in the context of non-Abelian spin singlet states.
6.4.1 su(3)2
The su(3)2 theory has central charge c = 16/5. There are 6 primary fields corresponding to the allowed
integrable highest weight representations (A.33) of the affine Lie Algebra. We label the primary fields by
the representations according to which they transform. The fields 3 and 3¯, 6 and 6¯ are conjugate to each
Primary h d
Field
1 0 1
3 4/15 (1 +
√
5)/2
3¯ 4/15 (1 +
√
5)/2
6 2/3 1
6¯ 2/3 1
8 3/5 (1 +
√
5)/2
Table 6.2: Primary field content of su(3)2. the columns represent the scaling dimension (h),quantum
dimension(d)
other whereas 8 is self conjugate.
The fusion rules of the theory are
1× ∗ = ∗; 6× 6 = 6¯; 6× 6¯ = 1
6× 8 = 3¯; 8× 8 = 1 + 8 (6.20)
The rest of the fusion rules can be deduced from these.
Using the ribbon formula (6.16) we can figure out the modular S matrix for the su(3)2 theory. It turns
out
Ssu(3)2 = Ssu(3)1 ⊗ SFib (6.21)
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where
S
su(3)1
=
(
Ssu(3)1
)∗
=
1√
3

1 1 1
1 e2ipi/3 e−2ipi/3
1 e−2ipi/3 e2ipi/3
 ;
Here, Fib is F4 theory at level 1. The modular matrices of F4 are time reversed versions of G2 at level 1.
For more details, look at the Appendix A.2.5 and section 6.5. We refer to the Fibonacci anyon of F4 as τ¯ ,
the time reversed Fibonacci anyon τ in G2.
There are several clues which point to such a factorization, the central charge of su(3)2 is 16/5 while the
central charge of su(3)1+ Fib is −2 + 26/5 = 16/5. (cF4 = 265 )
Further, the scaling dimensions of the primary fields in the theories match up. In the su(3)1 theory we
have h1 = 0, he = −1/3, he2 = −1/3 and in F4, we have h1 = 0, hτ = 3/5.
Hence, all properties of the topological spin δ and the modular S and T matrices of su(3)2 can be
determined by the identification {6, 6, 8, 3, 3} ≡ {e, e2, τ , e× τ , e2 × τ}.
However, we stress that we have not really proved the equivalence of these CFTs, that would require an
identity involving partition functions. All we have shown is the topological data in su(3)2 can be factorized
into that of F4 and su(3)1.
6.4.2 Condensation and
su(3)2
u(1)6 × u(1)2
The coset, folowing the rules outlined in 6.1 is analyzed by looking at the cartesian product su(3)2×u(1)6×
u(1)2.
The total number of qps. in the anyon theory is 6× 12× 4 = 288.
We get rid of most of these by anyon condensation of the qp. b, and by extension its powers.
b = 〈6〉(2){2} b2 = 〈6〉(4)
b3 = (6){2} b4 = 〈6〉(−4)
b5 = 〈6〉(−2){2} b6 = 1 (6.22)
where the primary fields of su(3)2 are within 〈 〉, u(1)6 within ( ) and u(1)2 within { }.
First, let us consider the anyons which have trivial braiding statistics with b2, b4,1. However, we must also
identify qps. which differ by the condensed anyon b2. Using the formulas outlined in equations (6.3),(6.19)
122
and (6.21) we obtain the list
〈1, 8〉(−3, 0, 3, 6){−1, 0, 1, 2}
≡ 〈6, 3〉(1, 4,−5,−2){−1, 0, 1, 2}
≡ 〈6, 3〉(5,−4,−1, 2){−1, 0, 1, 2} (6.23)
Note that the above equation is a cartesian product, each line actually refers to 2 × 4 × 4 = 32 particles,
which should be identified with the corresponding 32 particles in the second and third line respectively. The
first line is related to the second(third) line by multiplication with the condensed quasiparticle b2 = 〈6〉(4)(
b4 = 〈6〉(−4)). Upon this identification now we are left with 32 quasiparticles.
〈1, 8〉(−3, 0, 3, 6){−1, 0, 1, 2} (6.24)
Next let us condense b3 = (6){2}. Since, b = b3 × b4 and b5 = b3 × b2, this takes care of condensing all odd
powers of b. The anyons from equation (6.24) which braid trivially with b3 are
〈1, 8〉(−3, 3){−1, 1}
〈1, 8〉(0, 6){0, 2} (6.25)
This can be inferred by observing that (6) braids trivially with (6, 0) and picks up a phase of −1 with (3,−3).
On the other hand {2} braids trivially with {2, 0} while it picks up a phase of −1 with {1,−1} .
However we note that not all of them are distinct. Upon identification with the condensed particle b3,
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we are left with the anyons, 〈1, 8〉 ⊗ (−3, 0)⊗ {−1, 0}.
1 ≡ (6){2} δ1 = 0
ψ1 = 〈1〉(−3){−1} ≡ 〈1〉(3){1} δψ1 = pi
ψ2 = 〈1〉(−3){1} ≡ 〈1〉(3){−1} δψ2 = pi
ψ3 = 〈1〉(0){2} ≡ 〈1〉(6){0} δψ3 = pi
τ1 = 〈8〉(−3){−1} ≡ 〈8〉(3){1} δτ1 = pi/5
τ2 = 〈8〉(−3){1} ≡ 〈8〉(3){−1} δτ2 = pi/5
τ3 = 〈8〉(0){2} ≡ 〈8〉(6){0} δτ3 = pi/5
τ4 = 〈8〉(0){0} ≡ 〈8〉(6){2} δτ4 = 6pi/5
(6.26)
They obey the fusion rules
ψ1 × ψ2 = ψ3;ψ2 × ψ3 = ψ1;ψ3 × ψ1 = ψ2;
τ1 = ψ1 × τ4; τ2 = ψ2 × τ4; τ3 = ψ3 × τ4;
τ4 × τ4 = 1 + τ4 (6.27)
The rest of the fusion rules can be obtained from the ones noted above. We enumerate some braiding
statistics of this theory that we will use later
Sψ1,ψ2 = Sψ2,ψ3 = Sψ1,ψ3 ∝ −1
Sψ1,τ(2,3) = Sψ2,τ(1,3) = Sψ3,τ(1,2) ∝ −1
Sψ(1,2,3),τ4 ∝ 1 (6.28)
where, we have omitted the positive multiplicative constant and have noted only the braiding phase. Thus,
we have a theory of three interacting fermions ψ1, ψ2, ψ3 and a Fibonacci anyon τ4 and their composites
τ1, τ2, τ3, which are also Fibonacci anyons with quantum dimension
1+
√
5
2 .
Further, there is a S3 anyonic symmetry in this non-Abelian theory. Now, the permutations however have
to interchange both ψ, τ together. These permutations act by interchanging {ψ1, τ1} ↔ {ψ2, τ2} ↔ {ψ3, τ3},
while keeping τ4 fixed. One can think of this as a non-Abelian variant of the S3 anyonic symmetry in the
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so(8) theory at level 1. In fact, we see that we can combine these two theories to get F4. This is the subject
of the next section.
6.5 F4 from D4 and
su(3)2
u(1)6 × u(1)2)
The quasiparticle content of D4 ≡ so(8) at level 1 is {1, e,m, ψ}, as we have discussed in detail in Chapter 2.
e2 = m2 = ψ2 = 1; e×m = ψ; e× ψ = m;
See = Smm = Sψψ = 1; Sem = Seψ = Smψ = −1 (6.29)
We note that the central charge of F4 is
26
5 which is the sum of D4(4) and su(3)2/u(1)
2(6/5). Also the
root diagram of D4 is contained in the root diagram of F4. This gives us hope that we can obtain F4 by
anyon condensation from so(8) and
su(3)2
u(1)2 × u(1)6 .
As we noted in the previous section, both theories have a S3 anyonic symmetry. Thus there are multiple
anyon condensation routes. As an illustrative case, let us condense the triplet {(ψ1)〈e〉, (ψ2)〈m〉, (ψ3)〈ψ〉}
where the first quasiparticle is from
su(3)2
u(1)6 × u(1)2 and the second quasiparticle belongs to D4. In fact there
are exactly 3! = 6 anyon condensation routes, depending upon which fermion in D4 we pair with which
fermion in the 6/5 theory.
First note that all the condensed bosons braid trivially with each other, this of course is a necessity.
Using the braiding rules enumerated in equations (6.28) and (6.29), we get that the only anyons (upto the
condensate) which are deconfined i.e. braid trivially with the condensed triplet are
{1, τ4} (6.30)
Of course, these fields are defined upto the condensate. Thus,
1 ≡ (ψ1)〈e〉 ≡ (ψ2)〈m〉 ≡ (ψ3)〈ψ〉
τ ≡ τ4 ≡ (τ1)〈e〉 ≡ (τ2)〈m〉 ≡ (τ3)〈ψ〉
δτ = 6pi/5. We see that the modular matrices and central charge matches that of the CFT based on the
exceptional Lie algebra, F4 at level 1. (For a description, refer to A.2.5)
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6.6 sp(6)1 and su(3)2
Taking hints from [Gepner, 1987] , we conjecture that the general prescription for the construction of sp(2n)1
is the condensation of su(n)2 and u(1)n. Further the central charges match up.
Explicitly, csp(2n) =
n(2n+1)
n+2 = csu(n)2 + cu(1)n =
2(n2−1)
n+2 + 1. In this section we consider the special case:
sp(6)1 from su(3)2 and u(1)3.
To do so, we condense the composite boson b = 〈6〉(2) and its higher powers, b2 = 〈6〉(−2), b3 = 1. Here,
the quasiparticle within 〈 〉 is in su(3)2 and the anyon within ( ) is in u(1)3.
The quasiparticles which braid trivially with the condensate and are deconfined are
〈1, 8〉(0, 3) ≡ 〈6, 3〉(2,−1) ≡ 〈6, 3〉(−2, 1)
The above equation refers to the fact, that there are 4 distinct anyons now, which are deconfined, 〈1, 8〉(0, 3).
These are equivalent, (in the theory where b is condensed) to other anyons by fusion with b.
Thus the anyons which survive and their statistical angles are
1(δ1 = 0); 〈8〉( δ〈8〉 = 6pi/5 );
〈8〉(3)( δ〈8〉(3) = 7pi/10 ); (3)( δ(3) = 3pi/2 ). (6.31)
〈8〉 and 〈8〉(3) are Fibonacci anyons, (3) is Abelian.
They obey the fusion rules
1× ∗ = ∗; 〈8〉 × 〈8〉 = 1 + 〈8〉;
(3)× (3) = 1; 〈8〉 × (3) = 〈8〉(3) (6.32)
The rest of the fusion rules can be deduced from the above, for eg.
〈8〉(3)× 〈8〉 = (3) + 〈8〉(3)
Thus, we see that the modular matrices match up with sp(6) at level 1. (For more details look at ap-
pendix A.2.3).
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6.7 Anyon condensation, 16 fold classification, B and D series
and chiral superconductors
Anyon condensation can also be used to understand other phenomenon, such as the 16 fold periodicity in
two dimensional topological superconductors. [Kitaev, 2006, Teo et al., 2015, Neupert et al., 2016a]. We
consider this case as our final example, partially because it involves the branching of a non-Abelian qp. in the
condensed theory (we have avoided describing the general formalism for such situations), and also because
it is surprising that such a simple anyon condensation mechanism can provide such a wealth of information
about the descendant theories.
At the simplest level this can be understood by looking at the braiding and fusion data (see tables 2.5,
2.6 and section A.2.2) of B ≡ so(2r + 1) and D ≡ so(2r) series, which together form the so(r) sequence.
Thus, so(r + 16) has the same braiding data as so(r).
Further, cso(r+16) = cso(r) + 8. But the bulk TQFT is insensitive to central charge modulo 8, hence as
far as the bulk TQFT is concerned, they are indistinguishable.
e2pii
c−
8 =
1
D
∑
i
d2i δi
Next, we see how we can go down the series from so(2l+1) to so(2l+2) by anyon condensation, between
so(2l + 1) and “so(1)” ( where so(1) is defined to have the same topological data as so(17).)
The so(2l + 1) theory has 3 qps. {1, σl, ψl}.
h1 = 0; hσl =
2l + 1
16
; hψl =
1
2
It is an Ising theory, with fusion
1× ∗ = ∗; σl × σl = 1 + ψl; σl × ψl = σl; ψl × ψl = 1
so(17) is also an Ising theory with 3 qps,{1, σ1, ψ1}.
h1 = 0; hσ1 =
17
16
; hψ1 =
1
2
1× ∗ = ∗; σ1 × σ1 = 1 + ψ1; σ1 × ψ1 = σ1; ψ1 × ψ1 = 1
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We condense the composite boson ψlψ1. (Here it is obvious which theory each anyon belongs to.)
S1,ψ1 = S1,ψl = Sψl,ψl = Sψ1,ψ1 = 1; Sσ1,ψ1 = Sσl,ψl = −1
Using the braiding relations in the previous line, the only qps. with trivial braiding relations with the
condensate are
1 = 1 ≡ ψlψ1; ψ = ψl ≡ ψ1; σlσ1
But now note that
σlσ1 × σlσ1 = 1 + 1 + 2ψ
However, this violates the condition that each qp. will fuse with its conjugate to produce vacuum in a unique
manner.
The way around is to say that the qp σlσ1 with quatum dimension 2, brances into two Abelian qps. with
quantum dimension 1.
σlσ1 = e1 + e2
Now, there are two fusion options of e1 and e2 which reproduce the fusion of σlσ1.
e1 × e2 = e2 × e1 = 1; e1 × e1 = e2 × e2 = ψ (6.33)
OR
e1 × e1 = e2 × e2 = 1; e1 × e2 = e2 × e1 = ψ (6.34)
Since, e1 and e2 are both obtained from branching of σlσ1, their statistical angles are the same e
iδe1 =
eiδe2 = exp
(
2pii
2l + 1 + 17
16
)
= e
ipi(l+1)
4 .
Which of the two fusion rules in equations (6.33), (6.34) will be chosen depends on the whether l is even
or odd.
To see this note that e1 is an abelian qp with d = 1. Hence, we expect that Se1,e1 =
1
D δ
2 = 1D e
ipi(l+1)
2 .
On the other hand, e1 × e1 = 1 when used in Kitaev’s ribbon formula yields
Se1,e1 =
1
D e
−ipi l+12
These, match up only if l + 1 is even, or l is odd.
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Alternatively, if we choose e1 × e1 = ψ, Kitaev’s ribbon formula yields
Se1,e1 =
1
D e
ipi−l+12
This matches up with the value obtained from the statistical angle Se1,e1 =
1
D δ
2 = 1D e
ipi(l+1)
2 , only if l is
even.
Thus, by anyon condensation, we get that so(2r) has 4 qps. one of which is a fermion and two have
δ = eipi
r
4 besides the vacuum. Also, depending on whether r is even/odd, we get that the fusion rules
satisfied are Z2 × Z2/Z4. This, matches up exactly with the braiding and fusion rules of the D series, (see
Table 2.3, 2.5).
Similarly, one can get from so(2l) to so(2l + 1) by anyon condensation with so(17). However, that is
straightforward and we do not show it here.
Thus, going 16 members down the sequence is equivalent to adding an E8 state to the theory, it changes
the chiral central charge on the edge without affecting the bulk topological data. This should not be
surprising, given that given two copies of so(8), we can perform anyon condensation to obtain E8. ( a
completely trivial theory with central charge 8). Thus, given a so(8) × so(8) theory, we can condense the
composite bosons ee,mm,ψψ. The triality symmetry in so(8) actually gives us 3! = 6 distinct ways of doing
the anyon condensation. This will confine all other anyons and leave us with just the trivial vacuum sector,
thus producing the E8 theory.
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Chapter 7
Conclusions
In this thesis, we studied anyonic symmetries in two dimensional Abelian topologically ordered states. It is
not necessarily a symmetry of the quantum Hamiltonian, but rather of the emergent fractionalized excitations
of the theory. We also studied the consequences of this symmetry at an increasingly exotic level.
We first formulated the anyonic symmetries of an Abelian topologically ordered state in terms of the
isometries of the K matrix which characterizes its Chern Simons theory. The connection of this formulation
with braiding invariance under anyonic symmetries was also discussed. The relation between lattice symme-
tries and braiding invariance was further explored using stable equivalence which exposes the one to many
relation of the bulk boundary correspondence in two dimensional topologically ordered systems.
We then introduced twist defects, point defects which act as semiclassical fluxes for the anyons, permuting
them by an element of the anyonic symmetry group. We saw how the fusion structure and the anyonic
symmetries of the parent topological theory manifest themselves in the non-Abelian properties of twist
defects. The braiding invariance under permutation also characterizes the gapped edge phases of fractional
quantum spin Hall states.
We also used these methods to understand the anyonic symmetries in ADE bosonic quantum Hall states.
These Lie algebras and their associated conformal field theories have come up in the study of fractional
quantum Hall states for a long time. The anyonic symmetries in these cases turn out to be in one to one
correspondence with the symmetries of the Dynkin diagrams.
Then, we move on to superconducting heterostructures. These have been at the forefront in terms
of proposals to experimentally realize non-Abelian twist defects. We show how our methods need to be
modified to take superconductivity into account. This turns out to be somewhat tricky, because now we
have to contend with h/2e flux vortices which are not strictly deconfined. We get around this problem by
realizing that properties like the quantum dimension of the twist defects are dependent only on the fusion
structure. So, we can go ahead and analyze the problem by considering another effective theory where the
h/2e flux vortices are deconfined, or equivalently the Z2 fermion parity is gauged but the fusion structure is
preserved. This reveals a new anyonic symmetry called the fermion parity flip, which can lead to Majorana
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bound states at the twist defects instead of their more exotic parafermionic cousins.
Anyonic symmetries are global symmetries of the system. We then gauge the anyonic symmetries, thereby
promoting them from global to local. This leads to exotic non-Abelian twist liquids. We explicitly work out
this procedure for charge conjugation and fermion parity flip anyonic symmetries in fermion parity gauged
Laughlin states.
Finally, we explore another mechanism by which one might obtain a new more exotic theory starting
from two simpler ones. This process works by condensing a composite boson obtained from the constituent
theories. We see several examples of this procedure, concentrating on theories which support Fibonacci
anyons, which have been proposed in the context of universal topological quantum computation. Remarkably,
exceptional non-simply laced Lie algebras at level 1 crop up in this discussion. Indeed, now there are proposals
for realizing one of these involving G2 at level 1 using heterostructures of Abelian subsystems. [Mong et al.,
2014].
In conclusion, we note that there is a lot of experimental interest now in observing and manipulating
non-Abelian excitations in engineered heterostructures. While people have mostly concentrated on Majorana
bound states in experiments, further effort might open up the doors to realizing more powerful parafermionic
bound states.
But let’s not worry! It’s too late now.
It will always be too late. Fortunately!
–The Fall, Albert Camus
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Appendix A
Affine Kac-Moody Algebras and their
primary fields
In this appendix, we briefly outline some facts about the allowed representations of affine Kac-Moody (KM)
algebras at a particular level, and other associated details such as how to determine the primary field content
and modular S and T matrices of such theories. We primarily follow conventions in [Di Francesco et al.,
1999]. Other useful introductions can be found in [Ginsparg, 1988b, Schellekens, 1996].
A.1 Lie algebras
Before we move on to KM algebras, we summarize some details about the ordinary Lie algebras on which
they are based. Basically, the goal is to introduce notation that will be used in subsequent sections.
A Lie algebra g is specified by a set of generators Ja and their commutation relations specified by their
structure constants fabc . (real when the generators are Hermitian)
[Ja, Jb] = ifabc J
c (A.1)
The maximal set of commuting generators Hi = 1, · · · , r form the Cartan subalgebra h. r is called the rank
of the algebra.
[Hi, Hj ] = 0 (A.2)
In the standard Cartan-Weyl basis, the elements of h are Hermitian.
The remaining operators Eα obey
[Hi, Eα] = αiEα (A.3)
The r dimensional vector α (with elements αi) is called a root of g, and the set of roots is denoted by ∆.
The root α maps Hi ∈ h to the c-number αi, α(Hi) = αi. Thus, the roots belong to the dual space h∗.
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The generators Eα obey
[Eα, Eβ ] = Nα,βE
α+β ; if α+ β ∈ ∆
=
2
α2
α ·H if α = −β
= 0 otherwise (A.4)
g is equipped with a Killing form κ defined as
κ(X,Y ) =
1
2g
Tr(adXadY ); X,Y ∈ g (A.5)
where g is the dual Coxeter number defined in equation (A.9) and ad(X) is defined by its action ad(X)Y =
[X,Y ], where X,Y ∈ g. Note that the Cartan-Weyl basis is not the usual orthonormal basis that physicists
use. In the normalization of (A.5), κ(Eα, E−α) = 2α2 .
The Killing form defines a scalar product in the space h∗. In the Cartan-Weyl basis
(α, β) = κ(Hα, Hβ) where
Hα =
∑
i
αiHi; α, β ∈ h∗ (A.6)
Once we fix a basis β1, · · · , βr in h∗, we can always expand any arbitrary root α ∈ ∆ as α =
∑r
i=1 niβi.
If the first non-zero ni is positive, the root is positive, else it is a negative root. The set of positive and
negative roots are denoted by ∆+ and ∆−.
There are r simple roots αi which cannot be written as a sum of two positive roots. These define the
Cartan matrix A which completely specifies the Lie algebra. This will become obvious once we describe the
Chevalley-Serre basis.
Aij =
2(αi, αj)
α2j
(A.7)
α∨i =
2αi
α2i
; Aij = (αi, αj)
The elements α∨i , defined in the previous equation is called a co-root.
Simple Lie algebras can have roots of at most two different lengths. If the roots have the same length,
then they are called simply laced. These are the ADE algebras that we saw in chapter 2.
The other option is that that the ratio of the longer and shorter root squared is 2 (B,C, F4) or 3(G2).
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An important element of ∆ for us is the highest root θ for which in the expansion
∑
I miαi, the sum∑
imi is maximized. The highest root is always a long root and we are going to work in the convention that
|θ|2 = 2. The decomposition of the highest root in the simple root or co-root basis has special significance
and are called the marks (ai) and co-marks (a
∨
i ) respectively.
θ =
r∑
i=1
aiαi =
r∑
i=1
a∨i α
∨
i (A.8)
The dual Coxeter number g is defined as
g = 1 +
r∑
i=1
a∨i (A.9)
Now we introduce the Chevalley Serre basis. Here we associate three generators ei, f i, hi to each simple
root αi. They are related to the Cartan-Weyl basis by
ei = Eαi
f i = E−αi
hi =
2αi ·H
α2i
(A.10)
[hi, hj ] = 0
[hi, ej ] = Ajie
j
[hi, f j ] = −Ajif j
[ei, f j ] = δijh
j (A.11)
Further,
[ad(ei)]1−Ajiej = 0
[ad(f i)]1−Ajif j = 0 (A.12)
The Chevalley Serre basis makes it obvious that the Cartan matrix completely specifies the commutation
relations for the generators and specifies the Lie algebra.
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The Killing form in the Chevalley Serre basis is
κ(hi, hj) = (α∨i , α
∨
j ) (A.13)
A representation of g is defined by a linear map r which takes x ∈ g→ r(x) , where in general r acts over
a complex vector field. Since, the elements of h commute and are Hermitian, for an arbitrary representation
we can always find a basis |λ〉 such that Hi|λ〉 = λi|λ〉. The r dimensional vector (λ1, · · · , λr) is called a
weight vector and belongs to h∗ as λ(Hi) = λi. A representation and its associated weights can be obtained
by the action of the ladder operators Eα. In particular the highest weight vector |Λ〉 completely specifies a
representation. It satisfies
Eα|Λ〉 = 0; ∀α > 0 (A.14)
Two irreducible representations having the same highest weight vector are equivalent.
A distinguished set of weights {ωi} called the fundamental weights are dual to the co-root basis.
(ωi, α
∨
j ) = δij (A.15)
An arbitary weight λ can be expanded in terms of the fundamental weights. The expansion co-efficients λi
are called the Dynkin labels of the weights.
λ =
r∑
i=1
λiωi (A.16)
Henceforth, we will always describe irrreducible representations in terms of their highest weight vectors
specified by the Dynkin labels. The Dynkin labels of irreducible representations are always integral. These
are the eigenvalues of the Chevalley generators
hi|λ〉 = (λ, α∨i )|λ〉 = λi|λ〉 (A.17)
The scalar product of weights can be easily calculated in the fundamental weight basis using the quadratic
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form matrix Fij .
(ωi, ωj) = Fij
Fij =
(
A−1
)
ij
α2j
2
(A.18)
In our normalization, |θ|2 = 2, for simply laced Lie algebras, F = A−1.
The Weyl vector, denoted by ρ is the weight which has all Dynkin labels 1.
ρ = (1, 1, · · · , 1)
To study the properties of affine KM algebras, we will need a few more concepts- the Weyl group, the
root lattice and co-root lattice.
Let us first define the Weyl reflection operation sα on a root β where α, β ∈ ∆,
sαβ = β − (α∨, β)α (A.19)
It is the reflection with respect to the hyperplane perpendicular to α. The set of all reflections with respect
to all the roots forms a group called the Weyl group W . It is generated by the r elements, the simple Weyl
reflection sαi .
The action of the Weyl group on weights λ can be defined analogously
sαλ = λ− (α∨, λ)α (A.20)
There are two r dimensional lattices that will be important to us, these are the weight lattice P
P = Zω1 + Zω2 + · · ·+ Zωr (A.21)
and the co-root lattice
Q∨ = Zα∨1 + Zα∨2 + · · ·+ Zα∨r (A.22)
The geometric structure of the lattice, in particular the angle between the basis vectors (ωi/α
∨
i ) will be
determined by the the Killing Form appropriate to the Lie algebra.
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A.2 Kac-Moody (KM) algebras
Sometimes, CFTs in addition to conformal invariance have additional symmetries. In this appendix, we
discuss theories with symmetries encoded by the KM algebras.
The KM algebra involves a set of currents, Ja(z) with conformal dimensions (h, h¯) = (1, 0) with OPE
Ja(z)Jb(w) ∼ k κ(a, b)
(z − w)2 +
ifabc J
c(w)
z − w · · · (A.23)
Here, fabc are the structure constants and κ is the Killing form of some Lie Algebra g and the superscripts
on the currents carry labels associated with the generators of g. In the normalization, |θ|2 = 2, k is called
the level of the theory.
In the orthonormal basis
Ja(z)Jb(w) ∼ kδ
ab
(z − w)2 +
ifabcJc(w)
z − w · · · (A.24)
Expanding the currents in modes Ja(z) =
∑
n∈Z
Jan
zn+1 , equation (A.24) translates to
[Jam, J
b
n] = if
abcJcm+n + kmδ
abδm+n,0 (A.25)
Jan represent the infinite number of conserved charges of this theory. The subset of currents, J
a
0 obey
commutation relations same as the ordinary Lie algebra g, sometimes referred to as the horizontal subalgebra.
[Ja0 , J
b
0 ] = if
abcJc0
The central charge c of this CFT associated with an affine KM algebra can be obtained by calculating the
OPE of the stress energy tensor.
c =
k|g|
k + g
(A.26)
Here, |g| stands for the dimensional of the algebra and g is the dual Coxeter number defined in equation
(A.9).
Now, we discuss the form of the KM algebra in the Chevalley-Serre basis. We primarily follow [Gepner,
1987].
The advantage in this basis is that we can just obtain the OPE’s of the currents corresponding to
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the simple roots and prove that they obey commutation relationships in accordance with the entries of
the Cartan matrix. Of course, if one is rigorous, one also needs to obtain the OPE’s which generate the
currents corresponding to the non-simple roots, analogous to the Serre relations of the horizontal subalgebra,
eqn A.12.
In the Chevalley basis, the Killing Form κ is
κ(hα, hβ) =
4(α, β)
α2β2
; κ(eα, fα) =
2
α2
and the rest of the elements are zero.
Hence, it becomes simple to flesh out the OPEs in equation (A.23) for the currents ei corresponding to
the simple roots αi. (Note the similarity between the algebra obeyed by the KM currents and the finite Lie
algebra.)
ei(z)f i(w) ∼ 2k
α2(z − w)2 +
hi(w)
(z − w)
ei(z)f j(w) ∼ 0(i 6= j)
hi(z)ej(w) ∼ Ajie
j(w)
z − w
hi(z)f j(w) ∼ −Ajif
j(w)
z − w
hi(z)hj(w) ∼ 4k(αi, αj)
α2iα
2
j
1
(z − w)2 (A.27)
ei(z)ej(w) ∼ (αi, αj)e
αi+αj (w)
z − w ; (αi, αj) < 0; αi + αj ∈ ∆ (A.28)
Thus, if (αi, αj) < 0, then the OPE produces currents corresponding to the other non-simple roots of the
Lie algebra. eαi+αj refers to the current corresponding to the (non-simple) root αi + αj .
The cocycle factor (αi, αj) becomes necessary to preserve the bosonic commutation relation between the
KM currents. To see this, note that exchange of (i, z)↔ (j, w) in equation (A.28) results in a −1 sign due to
the first order pole in the denominator. To cure that, we need to introduce cocycle factors (αi, αj) [Frenkel
and Kac, 1980, Segal, 1981]. The co-cycle factor obeys
(αi, αj) < 0; (αi, αj) = −(αj , αi). αi, αj are simple (A.29)
In standard literature, [Goddard et al., 1986, Di Francesco et al., 1999] the practice is to construct these
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cocycles as momentum valued operators of free bosons. Alternatively, for the simply laced Lie algebras, they
can be constructed by modifying the commutation relations of the bosonic vertex operators. We have done
so explicitly in section 2.7.
The complete OPE’s for the currents and cocycle factors for non-simply laced algebras is discussed in
[Goddard et al., 1986, Gepner, 1987], and we refer the reader to those sources for a more complete exposition.
Now, let us move on to the primary field content of these theories. The Virasoro primary fields (or
rather primary field multiplet) φ(r) of this theory, transform according to some representation (r) of g, by
the following equation
Ja(z)φi(r)(w) ∼
(ta(r))
i
j
z − w φ
j
(r)(w) + · · · (A.30)
where ta(r) are the representation matrices of g in (r). These primary fields create the highest weight states
by acting on the vacuum. Analogous to the highest weight vectors of Lie algebras that were annihilated by
the positive roots, these states are destroyed by the positive modes of the KM algebra.
|(r)〉 = φ(r)(0)|0〉; Jan |(r)〉 = 0; (n > 0)
Ja0 |(r)〉 = ta(r)|(r)〉 (A.31)
where |0〉 is the vacuum state. This means that the ground states in the multiplet |(r)〉 are rotated into each
other by the horizontal subalgebra.
Ja0 |(r)i〉 =
(
ta(r)
)i
j
|(r)j〉; |(r)i〉 = φi(r)(0)|0〉.
Similar to ordinary Lie Algebra, the representations of affine KM algebras are also specified by their
highest weight vectors. However, at a particular level k, not all primary fields (characterized by their
representations (r)) are allowed.
We will denote the highest affine weight vector characterizing the KM algebra by Λˆ. It is denoted by the
r + 1 dimensional weight vector
Λˆ = (λ0, λ1, · · · , λr) (A.32)
and is obtained by prepending an affine Dynkin weight λ0 to the r dimensional vector of Dynkin labels
characterizing an ordinary Lie algebra.
The allowed highest weight vector/representations obey
k =
r∑
i=0
a∨i λi; where a
∨
0 = 1 (A.33)
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Each allowed representation corresponds to a primary field (multiplet).
Alternatively, one may also find the allowed representations by the criterion
(θ,Λ) ≤ k (A.34)
In this criterion, one does not need to worry about the affine weight.
Given a primary field corresponding to the affine weight Λˆ, we can strip away λ0 to recover the finite
weight Λ. It has conformal dimension hΛˆ given by
hΛˆ =
(Λ,Λ + 2ρ)
2(k + g)
(A.35)
The inner product is obtained by the quadratic form matrix F (A.18).
The S matrix which determines the action of the modular transformation τ → − 1τ is obtained by the
formula [Di Francesco et al., 1999]
SΛˆ,Ωˆ = i
−|∆+||P/Q∨|−1/2(k + g)−r/2
∑
wW
(w)e2pii(w(Λ+ρ),Ω+ρ)/(k+g) (A.36)
(It is pertinent to point out that the S matrix quoted above is the complex conjugate of the S matrix in
the big yellow book. [Di Francesco et al., 1999]. This has been done to make the notation consistent with
our definition of braiding matrix for Abelian theories in equation (1.15)). Here, P/Q∨ stands for the number
of lattice points of the weight lattice P lying in the unit cell of Q∨. The value of |P/Q∨| is obtained by
|P/Q∨| = det (α∨i , α∨j ) = det 2
Aij
α2i
(A.37)
Hence, in our normalization |θ|2 = 2, for simply laced algebras it is simply the determinant of the Cartan
matrix.
|∆+| is the number of positive roots, (w) is the sign of the Weyl element w ∈ W , it can be calculated
by determining the determinant of the matrix representation of w, and w(λ + ρ) is the action of the Weyl
element on the weight vector λ + ρ. While applying the above formula is not a simple task, it can be
automated by taking a geometrical representation of the weight lattice and the action of the Weyl group on
it can be then obtained. We touch upon the procedure briefly for su(n) next.
We have already described the simply laced Lie Algebras in terms of their primary field content 2.1,
their conformal dimensions 2.6 and their braiding characteristics 2.5 in the main text. We now describe
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the non-simply laced algebras at level 1 in the appendix. However, before we do that, we briefly outline the
procedure described above for the An−1 ≡ su(n) series.
A.2.1 An−1 ≡ su(n) at level 1
The central charge of this theory is using equation (A.26)
c =
k|g|
k + g
=
n2 − 1
n+ 1
= n− 1 (A.38)
where for su(n) the dual Coxeter number, g = n and the dimension of the algebra is |g| = n2 − 1. Next,
let us characterize the primary fields, which as we have discussed is equivalent to determing the possible
representations characterized by their highest weight vectors.
The highest root θ =
∑n−1
i=1 α
∨
i . Hence, the co-marks are a
∨
i = 1 ∀ i. Now, we apply equation (A.33) to
determine the allowed affine weights Λˆ.
Λˆ0 = (1, 0, 0, · · · , 0)
Λˆ1 = (0, 1, 0, · · · , 0, 0)
Λˆ2 = (0, 0, 1, · · · , 0)
· · · · · ·
Λˆn−1 = (0, 0, 0, · · · , 0, 1) (A.39)
and the corresponding finite weights are characterized by their n− 1 dimensional Dynkin labels
Λ0 = (0, 0, · · · , 0)
Λ1 = (1, 0, · · · , 0, 0)
Λ2 = (0, 1, 0, · · · , 0)
· · · · · ·
Λn−1 = (0, 0, · · · , 0, 1) (A.40)
Hence, for su(n) at level 1 we see that the allowed representations have highest weight vectors (after the
affine weight is dropped) given by just the fundamental weights ωi.
To apply equation (A.35) and (A.36) it might be helpful to consider a geometrical representation of the
root and weight lattice. We follow the prescription given in [Zuber, 2014]. We start off with an orthonormal
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basis, eˆi of R
n and consider the set of n vectors ei, ei = eˆi − 1n
∑
i eˆi. We will define the weight space of
su(n) using ei. As would be expected for a n − 1 dimensional algebra, the set {ei} is linearly dependent.∑
i ei = 0.
Henceforth, co-ordinates in the orthonormal basis are written inside square brackets [· · · ], to distinguish
them from the Dynkin labels. In the orthonormal basis eˆi, ei takes the form
ei = [− 1
n
, · · · , 1− 1
n︸ ︷︷ ︸
ith position
,− 1
n
, · · · ,− 1
n
] (A.41)
The fundamental weights ωi, in the orthonormal basis are
ωi =
i∑
j=1
ej = [1− i
n
, · · · , 1− i
n︸ ︷︷ ︸
ith position
,− i
n
, · · · ,− i
n
] (A.42)
The Weyl vector ρ is
ρ =
n−1∑
i=1
ωi
=⇒ ρi = 1
2
(N + 1)− i (A.43)
Now, we can calculate the conformal dimension of the primary field associated with the highest weight vector
Λˆj as specified in equation (A.39) by using equation (A.35)
hΛˆj =
∑n
i=1(Λj)i(Λj + 2ρ)i
2(k + g)
=
 j∑
i=1
(1− j
n
)(1− j
n
+ n+ 1− 2i) +
N∑
i=j+1
− j
n
(− j
n
+ n+ 1− 2i)
 /(2(N + 1))
=
j
2
(
1− j
n
)
After some algebra (A.44)
The matrix representation of the Weyl group W ∼= Sn in the weight space can be obtained as a permu-
tation matrix acting on the ei. This geometrical representation allows one to easily automate the procedure
and one can see patterns emerge.
This gives us the braiding modular S matrix for su(n), where the modular matrix for primary fields Λˆj
142
and Λˆk is given by
SΛˆj ,Λˆk =
1√
n
exp
(
−2ipi jk
n
)
(A.45)
Once the S matrix is determined, the fusion rules can be inferred using the Verlinde formula
i× k = Nkijk
Nkij =
∑
l
SilSjlS
∗
kl
S0l
(A.46)
Here, the element 0 is the vacuum sector which will always have Dynkin labels, λi = 0, ∀i in a modular
theory and corresponds to the scalar representation.
Next we outline the results for the non-simply laced groups at level 1, that were not covered in the
ADE chapter. The modular S matrix for all these theories was calculated using the method outlined in the
previous paragraphs. The geometric representation of the Weyl groups used for a particular calculation can
be found in standard books on Lie Algebras. Using this geometric representation the above computation
can be automated, for example in Mathematica.
A.2.2 Bl ≡ so(2l + 1) l ≥ 2 at level 1
The algebra Bl has rank r = l, dual Coxeter number g = 2l − 1, dimension |g| = l(2l + 1). The central
charge by equation (A.26) is l + 12 .
The highest root vector θ is
θ = α∨1 + 2α
∨
2 + 2α
∨
3 + · · ·+ α∨l
Now, the roots have unequal length,
α21 = α
2
2 = α
2
3 · · · = α2l−1 = 2, α2l = 1. (A.47)
Now we restrict our discussion to level 1. There are only two finite weights that have co-mark equal to 1.
Hence at level 1, using equation (A.33) the number of allowed affine representations and the correspond-
ing primary fields are 3. (including the vacuum field which has all the Dynkin labels 0 and the affine Dynkin
label λ0 = 1.)
Hence, the upshot is that the the allowed affine Dynkin labels Λˆ (and the corresponding finite weights
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Λ) by equation (A.33) are given by the l + 1 (l) dimensional vectors.
Λˆ0 = (1, 0, · · · , 0); Λ0 = (0, · · · , 0)
Λˆ1 = (0, 1, · · · , 0); Λ1 = (1, 0, · · · , 0)
Λˆl = (0, · · · , 1); Λl = (0, · · · , 1) (A.48)
The conformal dimensions h of the primary fields are calculated using equation (A.35) and they turn
out to be
hΛˆ0 = 0, hΛˆ1 =
1
2
, hΛˆl =
2l + 1
16
where we have labelled the primary fields by the corresponding fundamental weights.
The effect of the modular T transformation is just exp[2piihΛˆ].
The braiding S matrix is independent of l and determined using (A.36)
S =

1
2
1
2
1√
2
1
2
1
2 − 1√2
1√
2
− 1√
2
0
 (A.49)
where it has been expressed in the ordered basis Λˆ0, Λˆ1, Λˆl.
Verlinde formula applied to the S matrix leads to the fusion rules
Λˆ0 × Λˆ1 = Λˆ1, Λˆ0 × Λˆl = Λˆl
Λˆ1 × Λˆl = Λˆl, Λˆl × Λˆl = Λˆ1 + Λˆ0 , Λˆ1 × Λˆ1 = Λˆ0 (A.50)
The fusion rules expose the fact that we are essentially dealing with an Ising theory with primary fields
{1, σ, ψ}, with fusion rules σ × σ = 1 + ψ, here Λˆl is the twist field σ and Λˆ1 is the fermion. This theory
is intimately connected to p + ip superconductors and is part of the Z16 classification of two dimensional
topological superconductors as was explained using anyon condensation in section 6.7.
The quantum dimensions of the primary fields are determined by dΛˆ =
S0Λˆ
S00
. They are dΛˆ0 = 1; dΛˆ1 =
1; dΛˆl =
√
2.
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The conjugation matrix is, C = S2 = 13×3.
C = S2 =

1 0 0
0 1 0
0 0 1
 (A.51)
This means each field is its own conjugate, as we already saw from the fusion rules of the theory.
Finally, we see that our results satisfy (ST )
3
= ΘC, as we expect. Here, Θ = exp 2ipic8 .
A.2.3 Cl ≡ sp(2l); l ≥ 2 at level 1
Cl has rank r = l, dual Coxeter number g = l + 1, and dimension g = l(2l + 1).
Using equation (A.26), we obtain
c =
l(2l + 1)
l + 2
The highest root,
θ = 2α1 + 2α2 + · · ·+ 2αl−1 + αl = α∨1 + α∨2 + · · ·+ α∨l−1 + α∨l
The roots are again of unequal length,
|α1|2 = |α2|2 = · · ·|αl−1|2 = 1; |αl|2 = 2. (A.52)
At level 1, since there are l coroots with co-mark 1, there are l+ 1 primary fields, which we label by the
l + 1 dimensional affine weights.
Λˆ0 = (1, 0, 0, · · · , 0); Λ0 = (0, 0, 0, · · · , 0)
Λˆ1 = (0, 1, 0, · · · , 0, 0); Λ1 = (1, 0, · · · , 0, 0)
Λˆ2 = (0, 0, 1, 0, · · · , 0); Λ2 = (0, 1, 0, · · · , 0)
· · · · · ·
Λˆl = (0, 0, 0, · · · , 0, 1); Λl = (0, 0, · · · , 0, 1) (A.53)
The conformal dimensions of the primary fields, using equation (A.35) are
hΛˆi =
i
4(l + 2)
(2l − i+ 2) i [0, l] (A.54)
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The modular S matrix takes the form,
SΛˆi,Λˆj =
√
2
l + 2
sin
(
pi(i+ 1)(j + 1)
l + 2
)
(A.55)
It is interesting to note that the S matrix of sp(2l)1 is the same as su(2)l. Since fusion is completely
determined once the S matrix is specified, the fusion of sp(2l)1 is identical to that of su(2)l and can be
determined using Brattelli diagrams. However, the central charge and conformal weights of su(2)l are
different from sp(2l)1.
The charge conjugation matrix, C = S2 is 1(l+1)×(l+1), which means each primary field is its own
conjugate.
Now, we move on the exceptional non-simply laced Lie algebras G2 and F4.
A.2.4 G2
G2 has rank r = 2, dual Coxeter number g = 4 and dimension g = 14.
The central charge c = 14/5. Of the two simple roots, the longer one |α1|2 = 2 and the shorter root
|α2|2 = 23 . In fact, this is the simple Lie algebra in which the ratio of the square of the roots is 3.
The highest root θ is
θ = 2α1 + 3α2 = 2α
∨
1 + α
∨
2 (A.56)
Since there is one root with co-mark 1, at level 1, there are two primary fields, one of them being the trivial
vacuum.
Again, using (A.33), we get that the highest weight vectors of the allowed representations, which serve
as the moniker for the primary fields are
Λˆ0 = [1, 0, 0]; Λ0 = [0, 0]
Λˆ1 = [0, 0, 1]; Λ1 = [0, 1] (A.57)
The conformal dimensions of the primary fields are again calculated using (A.35) and they are
hΛˆ0 = 0; hΛˆ1 =
2
5
(A.58)
Since there are two primary fields the S matrix is a 2 × 2 matrix. Let d be the quantum dimesion of the
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primary field labelled by the affine weight Λˆ1. Then the most general form of the S matrix is
S =
1√
1 + d2
1 d
d −1
 (A.59)
using unitarity and symmetry of the S matrix. The charge conjugation matrix C takes the form C = S2 =
12×2.
Using the equation (ST )3 = e
2piic
8 C and putting the values of the S and T matrices, we get
1 +
(−1 + d2) e4pii/5 + e8pii/5 = 0
Solving, we get d = 12
(
1 +
√
5
)
. Thus, we see that G2 is precisely the Fibonacci anyon model with a vacuum
sector and the Fibonacci anyon, Λˆ1, which obeys the fusion rules Λˆ1 × Λˆ1 = Λˆ0 + Λˆ1.
We have seen in section 6.3 how to get to this theory using anyon condensation.
A.2.5 F4
F4 is a rank 4 algebra, with dual Coxeter number g = 9 and dimension |g| = 52.
The central charge at level 1 is 265 .
The roots are of unequal length, |α1|2 = |α2|2 = 2, and |α3|2 = |α4|2 = 1.
The highest root θ is
θ = 2α1 + 3α2 + 4α3 + 2α4 = 2α
∨
1 + 3α
∨
2 + 2α
∨
3 + α
∨
4
There is one root with co-mark 1. Hence, same as G2, there is one primary field besides the vacuum
sector. The allowed affine and finite Dynkin weights are
Λˆ0 = [1, 0, 0, 0, 0]; Λ0 = [0, 0, 0, 0]
Λˆ4 = [0, 0, 0, 0, 1]; Λ4 = [0, 0, 0, 1] (A.60)
The scaling dimensions of the primary fields are calculated as before, we get hΛˆ0 = 0; hΛˆ4 =
3
5 .
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As in the case of G2, we are dealing with a 2× 2 S matrix which has the most general form
S =
1√
1 + d21
 1 d1
d1 −1

where now d1 is the quantum dimension of the primary field Λˆ4. The charge conjugation matrix C = S
2 is
again 12×2.
To solve for d1, we again look at the matrix equation (ST )
3 = e
2piic
8 C. Looking at the off diagonal
component of the matrix equation yields 1 + e6pii/5
(−1 + d2 + e6pii/5) = 0. Solving, we get that d1 =
1
2
(
1 +
√
5
)
. This indicates that the other quasiparticle is also a Fibonacci anyon.
Note now that the modular Tµν = exp[2piihΛˆµ ]δµν matrix is just the complex conjugate of the T matrix
for the case of G2, while the modular S matrix is the same for both the theories. Thus, as far as braiding
and fusion rules are concerned the F4 theory is the time reversed version of G2.
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Appendix B
Coupled wire construction of Abelian
Quantum Hall states
Recently, there has been a lot of excitement regarding the construction of various topological phases of
matter using coupled wires. This is of some importance because they provide a handle to understand the
emergence of the same TO as a strongly interacting state such as a fractional quantum Hall system, but
in a controlled setting. The field was kickstarted by the work of [Sondhi and Yang, 2001, Kane et al.,
2002, Teo and Kane, 2014]. Now, there are myriad other coupled wire constructions for quantum hall
states [Meng et al., 2014, Klinovaja and Loss, 2014], helical liquids [Oreg et al., 2014], spin liquids [Meng
et al., 2015, Gorohovsky et al., 2015], (fractional)topological insulators and superconductors [Neupert et al.,
2014, Klinovaja and Tserkovnyak, 2014, Sagi and Oreg, 2014, Santos et al., 2015] and for 3 dimensional
topological states [Sagi and Oreg, 2015, Sahoo et al., 2016, Iadecola et al., 2016].
In this chapter, we try to do something much simpler, give a coupled wire construction of an arbitrary
Abelian fermionic fractional quantum Hall state specified by (a possibly multicomponent) K matrix.
B.1 The general setting
Figure B.1: General setup of the coupled wires scheme. A bunch of wires at each co-ordinate y, with N
channels in each bunch shown schematically.
The procedure we will follow will be very similar to that in [Teo and Kane, 2014]. The building block
of our model is an uncoupled spinless non-interacting wire with both right and left moving electrons. Each
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wire has a parabolic dispersion relation
E =
~2k2
2m
(B.1)
We will refer to these building blocks as channels. The wires are stacked in the y direction. At each position
y we put a bundle of wires, each bundle consisting of N channels. (corresponding to a N ×N K matrix).
Each channel is filled up to some density characterized by a zero magnetic field Fermi momentum k0F,I .
Note that the Fermi momentum k0F,I , and consequently the chemical potential µI =
~2k0F,I
2
2m might be
different from channel to channel (indexed by I = 1, 2, · · · , N). However, it does not vary between the
bundles. We now put the wires in an external magnetic field Bzˆ applied perpendicular to the plane of the
wires in the z direction. We will work in the Landau gauge A = −Byxˆ. The number of electrons in the
I-th channel (assuming periodic boundary conditions) is NI =
2k0F,I
2pi
L
=
k0F,IL
pi . The one dimensional density
follows
nI =
NI
L
=
k0F,I
pi
(B.2)
We denote the distance between wire y and wire y+ 1 as d. The 2D density ρI =
nI
d =
k0F,I
pid . In the presence
of the magnetic field B the momentum of the right and left moving modes is shifted
k
R/L
F,I = ±k0F,I +
eByd
~
= ±k0F,I + by; b =
eBd
~
(B.3)
Here e > 0 denotes the magnitude of the charge of the electron. The contribution to the filling fraction ν
from each channel is νI
νI =
NI
Nφ
=
k0F,IL
pi
/
BLd
h/e
=
2k0F,I
b
ν =
∑
I
νI =
∑
I
2k0F,I
b
(B.4)
The bosonized form of the free fermion action on each bundle takes the familiar form
SLL =
1
4pi
∫
dtdx
∑
I,y
[
∂xφ
R
I,y∂tφ
R
I,y − ∂xφLI,y∂tφLI,y − vF,RI,y
(
∂xφ
R
I,y
)2 − vF,LI,y (∂xφLI,y)2] (B.5)
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The equation of motion is
∂tφ
R
I,y = v
F,R
I,y ∂xφ
R
I,y
∂tφ
L
I,y = −vF,LI,y ∂xφLI,y (B.6)
the commutation relationships take the form
[
∂xφ
a
I,y(x, t), φ
b
J,y′(x
′, t)
]
= −2piiaδabδ(x− x′)δIJδyy′ (B.7)
where a, b denote the right/left moving modes and are assigned the values R(L) = 1(−1), I refers to the
channel index and runs from I = 1, 2, · · · , N . The location y denotes the position where the bundles are
located and serve as their moniker. The modes φ obey the commutation relations
1
ipi
[
φaI,y(x, t), φ
b
J,y′(x
′, t)
]
= −aδab sgn (x− x′)δIJδyy′
(same wire, different chirality) + δyy′ sgn (a− b)
(same wire and chirality, different species) + aδyy′δab sgn (I − J)
( different wires: 1st/2nd term same/different chirality) + δy 6=y′ {aδa 6=b + a sgn (y − y′)δab} (B.8)
The extra terms on the second third and fourth lines take care of the Klein factors to enforce anticommutation
between different species of fermions. The first use of such terms in commutation relationships can be found
in [Haldane, 1995].
The local fermions in the wires can be denoted as
ψR =
1√
2pi
: eiφ
R
:
ψL =
1√
2pi
: e−iφ
L
:
ρ =
1
2pi
∂x
[
φR + φL
]
(B.9)
Now, let us suppose that with these N channels on each wire we wish to introduce couplings so that we
can have a coupled wire description of a 2D TO state described a N ×N K matrix in the bulk. We do not
assume that the K matrix has any special structure except that it is a fermionic theory. This means that at
least one diagonal entry KII has to be odd. However, in our coupled wires construction, we will proceed by
constructing a K matrix for which KII ,∀I is odd. This demand might seem overly restrictive, however we
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will show subsequently in section B.4 that by a SL(N,Z) transformation of the form (1.17) other fermionic
K matrix theories with some even elements on the diagonal can be brought to this form.
In order to do this, we now define new fields which will form the mainstay of our discussion in the
remainder of the chapter. As we will see, in terms of these new fields the problem becomes much simpler.
φ˜RI,y =
1
2
(KII + 1)φ
R
I,y +
1
2
(KII − 1)φLI,y +
∑
M>I
KIM
(
φRM,y + φ
L
M,y
)
φ˜LI,y =
1
2
(KII − 1)φRI,y +
1
2
(KII + 1)φ
L
I,y +
∑
M<I
KIM
(
φRM,y + φ
L
M,y
)
(B.10)
The fields φ˜ satisfy the commutation relationships noted in (B.11). We will make extensive use of these in
the subsequent sections.
1
ipi
[
φ˜RI,y(x, t), φ˜
L
J,y′(x
′, t)
]
= δy>y′KJJ + δy′>yKII ; (mod 2) y 6= y′ (B.11a)
1
ipi
[
φ˜aI,y(x, t), φ˜
a
J,y′(x
′, t)
]
= a (δy>y′KJJ − δy′>yKII) ; (mod 2) y 6= y′ (B.11b)
1
ipi
[
φ˜aI,y(x, t), φ˜
a
J,y(x
′, t)
]
= KIJ sgn (I − J)− a {KIJ sgn (x− x′) +KIIδI<J −KJJδI>J} (mod 2)
(B.11c)
1
ipi
[
φ˜RI,y(x, t), φ˜
L
J,y(x
′, t)
]
= KIIδIJ + δI>JKJJ + δI<JKII (mod 2) (B.11d)
Now, note that the commutation relation in equation (B.11c) are of the same form as the commuta-
tion relations between the edge modes of a quantum Hall state as expressed in Haldane [Haldane, 1995].
The position independent terms are Klein factors which ensure that the local fermionic operators eiφ˜I and
eiφ˜J anticommute with each other. Thus, when I 6= J , they ensure that eiφ˜Ieiφ˜J = (−1)KIIeiφ˜J eiφ˜I =
(−1)KJJ eiφ˜J eiφ˜I = (−1)eiφ˜J eiφ˜I .
We note that these results match the results in [Teo and Kane, 2014] for the one component Laughlin
states. Also, note that the commutation relations in equation (B.11) have been written down modulo
constant even factors. As remarked before, the constant factors play the role of the Klein factors to ensure
that local fermionic particles anticommute. Hence, the constant even terms are not important for us in
determining the commutation for local particles and we have dropped them.
However unlike the 2 component case considered in [Teo and Kane, 2014] and indeed in general we
do not assume that the K matrix has any special structure. Before we understand the structure in the
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equations (B.11), we reiterate the special case of the Laughlin state . Although the construction here is well
known, this facilitates understanding and serves to fix the notation and set up the framework appropriate
to generalization. Now there is only one species in each bundle, so we will drop the channel index I.
B.2 Laughlin states at filling 1m
The Laughlin state has K = m. Now, equation (B.10) specializes to
φ˜Ry =
m+ 1
2
φR +
m− 1
2
φL
φ˜Ly =
m− 1
2
φR +
m+ 1
2
φL
(B.12)
The commutation relations in equation (B.11) reduce to
[
φ˜Ry (x, t), φ˜
L
y′(x
′, t)
]
= ipim[
φ˜R/Ly (x, t), φ˜
R/L
y′ (x
′, t)
]
= ∓ipim{ sgn (x− x′)δyy′ − sgn(y − y′)} (B.13)
Note that since m is an odd integer the coefficients in the expansion of φ˜ in terms of φR and φL are integral.
Now, the stage is set to introduce backscattering terms between adjacent wires so that the the bulk is
completely gapped, while there are chiral edge modes remaining on the top and bottom wires compatible
with the chiral edge states of the Laughlin 1m state.
ψ˜Ry =
1√
2pi
: eiφ˜
R
y : ψ˜Ly =
1√
2pi
: e−iφ˜
L
y :
These vertex operators ψ˜
R/L
y create the local electrons of the Laughlin state in analogy with (B.9), as we will
see in detail now. The charge carried by the vertex operators can be determined using the charge density
operator ρy =
1
2pi∂x(φ
R
y + φ
L
y ). Note that when [A,B] = c-number, [A, e
B ] = [A,B]eB . Hence,
[ρy(x, t), e
iφ˜Ry (x
′,t)/−iφ˜Ly (x′,t)] = δ(x− x′)eiφ˜Ry (x′,t)/−iφ˜Ly (x′,t) (B.14)
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Thus we see that eiφ˜
R
y /−iφ˜Ly creates holes with charge 1 (in units of e). Alternatively, and much more
intuitively the charge is determined by noting that
ψ˜Ry = e
iφ˜Ry =
[
(ψLy )
†]m−12 [
ψRy
]m+1
2
Thus, ψ˜Ry corresponds to the conversion of
m+1
2 right moving electrons on wire y to
m−1
2 left moving electrons
on the same wire. Hence, we conclude that ψ˜Ry annihilates a single right moving electron on wire y, and
as we have seen from equation (B.14), creates a hole of charge e on wire y. Similarly, ψ˜Ly annihilates a left
moving electron on wire y and the vertex operator eiφ˜y/m creates a Laughlin qp. of charge e/m.
The Lagrangian density of the free modes on the wires y and y + 1 can be written down as
L = 1
4pi
∑
M,N
[
(∂tφ)
TK ′∂xφ− (∂xφ)TV (∂xφ)
]
where φ = (φRy , φ
L
y , φ
R
y+1, φ
L
y+1)
T and K ′ is the diagonal matrix
K ′ = diag(1,−1, 1,−1)
the velocity matrix V encodes information about the non-universal forward scattering in each wire. We
include a Sine-Gordon backscattering term between the wires y and y + 1 which can be written as
L gap = −g
[(
ψ˜Ly+1
)†
ψ˜Ry + h.c
]
= −g cos
[
m+ 1
2
φRy +
m− 1
2
φLy +
m− 1
2
φRy+1 +
m+ 1
2
φLy+1
]
(B.15)
= −g cos
[
ΛTK ′φ
]
,φ = (φRy , φ
L
y , φ
R
y+1, φ
L
y+1)
T
Λ = (
m+ 1
2
,
m− 1
2
,
m− 1
2
,
m+ 1
2
)T
Λ obeys ΛTK ′Λ = 0
We are assured that bulk is gapped since the sine-Gordon term between adjoining wires satisfies Haldane’s
null vector criterion.[Haldane, 1995].
As in the quantum Hall effect, we expect that the presence of the magnetic field has broken time reversal
symmetry. This is reflected in the backscattering term. It takes the right moving quasiparticle ψ˜R from wire
y and scatters it to the left moving mode ψ˜L on wire y + 1, thus there will be a right moving mode on the
top edge and a left moving mode on the bottom edge. If the direction of the magnetic field is reversed the
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chirality of the edge modes will invert too.
For our coupled wires construction, the filling fraction is always determined from conservation of mo-
mentum considerations for the backscattering term between wire y and y + 1. In this case, momentum
conservation for the backscattering term (B.15) coupled with the fact that the right/left moving electrons
on wire y have momentum ~(±k0F + by) (B.3) leads to
(
m+ 1
2
)[
k0F + by
]
+
(
m− 1
2
)[
k0F + b(y + 1)
]
=
(
m− 1
2
)[−k0F + by]+ (m+ 12
)[−k0F + b(y + 1)]
=⇒ ν = 2k
0
F
b
=
1
m
Hence, we have ended up with a coupled wire construction for a Laughlin 1/m state described by the K
matrix m and charge vector t = 1. This is compatible with the edge Kac-Moody (KM) algebra obeyed by
the redefined fields φ˜ as shown in equation (B.13).
B.3 The general case
Now, we move on to coupled wire constructions for arbitrary fermionic FQH states described by a N × N
K matrix. We remind the reader that there are a total of 2N (N right and N left moving) modes on wire
y, these modes are completely gapped out by backscattering terms, ( N right/left moving modes on wire y
are gapped with N left/right moving modes on wire y + 1/y − 1.)
The edge theory of the uncoupled wires at positions y and y + 1 is now given by by a 4N × 4N matrix
K ′. In the basis φaI,z (a = R/L, z = y/y + 1, I = 1, 2, · · · , N) it becomes
〈φbJ,w|K ′|φaI,z〉 = aδabδwzδIJ (B.16)
We look at the gapping terms between the wire y and y + 1. Analogous to the Laughlin state, we claim
that that they can be described in terms of the hopping of local fermionic particles created by the vertex
operators
ψ˜RI,y =
1√
2pi
: eiφ˜
R
I,y : ψ˜LI,y =
1√
2pi
: e−iφ˜
L
I,y :
ψ˜
R/L
I,y creates a local fermionic right/left moving particle of species I on wire y. Similar to the Laughlin
case, we can determine their charge by taking the appropriate commutator with the density operator ρI,y =
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1
2pi∂x(φ
R
I,y + φ
L
I,y).
[ρI,y(x, t), e
iφ˜RJ,y(x
′,t)/−iφ˜LJ,y(x′,t)] = δIJδ(x− x′)eiφ˜RJ,y(x′,t)/−iφ˜LJ,y(x′,t) (B.17)
Thus, eiφ˜
R
I,y/−iφ˜LI,y creates holes of species I on wire y with charge 1 (in units of e). The qp. operators take
the form ei
∑
J K
−1
IJ (φ˜
R
J,y/−iφ˜LJ,y) The full gapping term can be written down in terms of these local operators.
Lgap = −
∑
I
gI cos
(
φ˜RI,y + φ˜
L
I,y+1
)
= −
∑
I
gI cos(Λ
T
I K
′φ) (B.18)
Here, ΛI are the N null vectors between wire y and wire y + 1. We denote them as ΛI , in the basis φ
a
I,z
they take the form
〈φcJ,w|ΛI〉 = δw,yδc,R
[
δI,J
1
2
(KJJ + 1) + δJ>IKIJ
]
+ δw,yδ
c,L
[
δI,J
1
2
(KJJ − 1) + δJ>IKIJ
]
+ δw,y+1δ
c,R
[
δI,J
1
2
(KJJ − 1) + δJ<IKIJ
]
+ δw,y+1δ
c,L
[
δI,J
1
2
(KJJ + 1) + δJ<IKIJ
]
(B.19)
These vectors obey
ΛTI K
′ΛJ = 0
and thus ensure that the bulk is gapped.
To verify the null vector criterion it is easiest to write down ΛI in component form.
ΛTI =
(
0; · · · ; 1
2
(KII + 1);KI,I+1; · · · ;KIN , 0; · · · ; 1
2
(KII − 1);KI,I+1; · · · ;KIN
K1I ; · · · ;KI−1,I , 1
2
(KII − 1), 0, · · · , 0,K1I ; · · · ;KI−1,I , 1
2
(KII + 1)
)
(B.20)
in the basis (φRy ,φ
L
y ,φ
R
y+1,φ
L
y+1)
T , where each φ is an N component vector corresponding to the species
labels φ = (φ1, φ2, · · · , φN )T .
With K ′ defined in equation (B.16) it is trivial to verify ΛTPK
′ΛP = 0. For P 6= Q, let us assume
P > Q.
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ΛTPK
′ΛQ (P > Q) =
1
2
(KPP + 1)KQP +
∑
J>P
KPJKQJ − 1
2
(KPP − 1)KQP −
∑
J>P
KPJKQJ
+
∑
J<Q
KPJKQJ +
1
2
(KQQ − 1)KQP −
∑
J<Q
KPJKQJ − 1
2
(KQQ + 1)KQP
= 0
Also, note that the transpose of the above equation gives ΛTQK
′ΛP = 0, Q < P , thus, in general ΛTPK
′ΛQ =
0 for ∀P,Q.
B.3.1 Filling fraction
As before, we determine the filling fraction by using conservation of momentum constraints for the back
scattering term. Consider the gapping term
−gI cos(φ˜RI,y + φ˜LI,y+1)
Enforcing conservation of momentum leads to
1
2
(KII + 1)(k
0
F,I + by) +
1
2
(KII − 1)
[
k0F,I + b(y + 1)
]
+
∑
M>I
KIM (k
0
F,M + by) +
∑
M<I
KIM
[
k0F,M + b(y + 1)
]
=
1
2
(KII − 1)(−k0F,I + by) +
1
2
(KII + 1)
[−k0F,I + b(y + 1)]+ ∑
M>I
KIM (−k0F,M + by) +
∑
M<I
KIM
[−k0F,M + b(y + 1)]
(B.21)
Solving, we get
∑
M
KIMk
0
F,M =
b
2
(B.22)
Using the analogous relation for all species labels I, we get
Kk0F =
b
2
t
where k0F = (k
0
F,1, k
0
F,2, · · · , k0F,N )T ; t = (1, 1, · · · , 1)T
=⇒ ν =
∑
I
2k0F,I
b
= 1K−11 = tTK−1t (B.23)
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We now see why it was necessary to have different fermi momentum on the different channels of the wire.
Equation (B.22) indicates that if all channels had the same zero magnetic field momentum k0F , we would
have
∑
M KIM =
b
2k0F
. Hence, only if we have a theory described by a K matrix such that
∑
M KIM is the
same for all I, i.e. all rows of the K matrix have the same sum, then we can get away with having the same
Fermi momentum k0F for all channels.
B.4 Applicability to a general hierarchical state
From our discussion till now, one may think that our construction is applicable only to Abelian fermionic
theories with charge vector t = (1, 1, · · · , 1)T . While this is relevant for multilayer states, as we have seen
in previous chapters, a large variety of hierarchy states have K matrices and charge vectors of the form 2.17.
However, as long as there is a fermionic component with charge vector 1, it can be converted to an equivalent
K matrix theory with charge vector t = (1, · · · , 1) by a SL(N,Z) transformation.
To see how this can be done, let us consider a hierarchical state specified by K ′11 = odd; K
′
ii = even; i > 1
and with the charge vector t′ = (1, 0, 0, · · · , 0). Let us consider a matrix S with determinant 1,
S =

1 0 0 · · · 0
1 1 0 · · · 0
1 1 1 0 · · ·
1 1 1 · · · 1

Let, K = SK ′ST ; t = St′, now, the equivalent theory described by K has odd entries on all diagonal
elements and all the entries on the charge vector are 1, which makes it amenable to description by coupled
fermionic wires.
Finally, we note that these solutions are not unique. If we just want the same topological order, but
relax conditions on conservation of charge (for instance allow superconductivity) and filling fraction, one can
write down other solutions analogous to (B.10).
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